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Abstract. We study the moduli surface for pairs of elliptic curves together with an isomor-
phism between theirN -torsion groups. The Weil pairing gives a “determinant” map from
this moduli surface to(Z/NZ)∗; its fibers are the components of the surface. We define
spaces of modular forms on these components and Hecke correspondences between them,
and study how those spaces of modular forms behave as modules for the Hecke algebra.
We discover that the component with determinant−1 is somehow the “dominant” one; we
characterize the difference between its spaces of modular forms and the spaces of modular
forms on the other components using forms with complex multiplication. In addition, we
prove Atkin–Lehner-style results about these spaces of modular forms. Finally, we show
some simplifications that arise whenN is prime, including a complete determination of such
CM-forms, and give numerical examples.

1. Introduction

If R is the ring of integers in a totally real number field, one can consider the
Hilbert modular variety associated toR, which parameterizes abelian varieties of
dimension[R : Z] together with a map fromR into their endomorphism ring.
This modular variety is disconnected; its components correspond to polarization
types, and are indexed by elements of the narrow class group ofR. One can define
spaces of modular forms associated to the modular variety and to its components;
the former are adelic in nature, while the latter are more classical.

In this paper, we consider a variant of the above situation, where we replace
R by the order(Z × Z)≡(N) that consists of pairs of integers that are congruent
modN . Thus, we replace our totally real number field by the totally real “number
algebra”Q × Q, and in addition consider a non-maximal order rather than the full
ring of integers. As in the traditional situation, one can associate a modular variety
to this situation, and study its components, which are indexed by(Z/NZ)∗; this
has been done in Hermann [5] and Kani and Schanz [7]. One can also define spaces
of classical and adelic modular forms, which we do in this paper.

These “degenerate” Hilbert modular varieties and modular forms should have
properties very similar to those of traditional Hilbert modular varieties and modular
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forms. However, they can also be related to modular curves and elliptic modular
forms, which have been the subject of extensive study. For example, these surfaces
have an interpretation as moduli spaces for pairs of elliptic curves with isomorphic
N -torsion, and can be constructed as a quotient ofX(N)×X(N). Thus, we expect
them to be a particularly suitable test ground for exploring properties of Hilbert
modular surfaces and modular forms. We expect the generalization to the case
whereR is an order in a product of ring of integers of totally real number fields to
be of interest as well: for example,Rmight be the Hecke algebraT0(N) associated
to the modular curveX0(N).

One such new property, which is the main goal of this paper, involves studying
how these components of the degenerate Hilbert modular variety vary. It is easy to
see that two components whose index differs by a square are isomorphic, but there
is no reason why other components should be isomorphic. Indeed, Hermann has
shown that, for example, ifN = 7 then the component indexed by 1 is a rational
surface and the component indexed by−1 is a K3 surface; similarly, ifN = 11, the
component indexed by 1 is an elliptic surface and the component indexed by−1 is
of general type. As Kani and Schanz noted, this change in geometric complexity is
reflected by the geometric genera of the components.

These geometric genera can be studied via modular forms. Thus, in Sect. 2,
we define spaces of modular forms associated to these surfaces; we also use new
techniques to prove anAtkin–Lehner-style result about how these spaces are related
under change of level. In Sects. 3 and 4, we define Hecke algebras associated to
these spaces; we prove multiplicity one theorems for the action of these Hecke
algebras in Sects. 4 and 5. We also show in Sect. 5 that, forN fixed, the component
indexed by−1 always has the largest geometric genus of any of the components.
The geometric genus of a component is the dimension of a suitable space of cusp
forms of weight(2,2); we exhibit this difference in genera as the dimension of a
certain special subspace of the space of cusp forms on the−1 surface, which we
call theHecke kernel since it can be seen as the intersection of the kernels of certain
Hecke operators. In Sect. 6, we give an alternative characterization of the Hecke
kernel as forms with complex multiplication. Finally, we give an explicit formula
for the difference of geometric genera whenN is prime in Sect. 8, and give an
explicit construction of the forms in the Hecke kernel when the weight is(2,2) and
N is prime in Sect. 9.

2. Basic definitions

Let Xw(N) be the curve overC parameterizing elliptic curves together with a
basis for theirN -torsion that maps to some specifiedN -th root of unity under the
Weil pairing.1 It is Galois over the curveXw(1)with group SL2(Z/NZ)/{±1}. Let
SL2(Z/NZ) act on the product surfaceXw(N)×Xw(N) via the diagonal action;
we can then form the quotient surface, which we shall denote byX�,1(N). More

1 This curve is traditionally denoted byX(N); however, we have chosen to use the notation
X(N) to denote the (geometrically reducible) curve coming from the adelic modN principal
congruence subgroup, and have changed all notation accordingly.



Moduli for pairs of elliptic curves with isomorphicN -torsion 203

generally, ifε is an element of(Z/NZ)∗ and if SL2(Z/NZ) acts on the first factor
via the natural action but on the second factor via the automorphism

θε :
(
a b

c d

)

→

(
a ε−1b

εc d

)
then we denote the quotient surface byX�,ε(N). And we set

X�(N) =
∐

ε∈(Z/NZ)∗
X�,ε(N).

These surfaces can also be constructed in another fashion, as degenerate Hilbert
modular surfaces: letH be the upper half plane, with�(1) = SL2(Z) acting on
it via fractional linear transformations. Then�(1)× �(1) acts onH × H; if we
denote by��,ε(N) the subgroup of�(1)× �(1) given by


((
a1 b1
c1 d1

)
,

(
a2 b2
c2 d2

)) ∣∣∣∣∣∣∣∣
a1 ≡ a2 (modN),
b1 ≡ εb2 (modN),
εc1 ≡ c2 (modN),
d1 ≡ d2 (modN)




then the quotient��,ε(N)\H × H is an open subset ofX�,ε(N), and if we denote
by H∗ the spaceH

∐
P1(Q) then��,ε(N)\H∗ × H∗ is all ofX�,ε(N).

The surfaceX�,ε(N) (or, more properly, the open subset given by usingH × H
instead ofH∗ × H∗) is a coarse moduli space for isomorphism classes of triples
(E1, E2, φ)where theEi ’s are elliptic curves andφ is an isomorphism fromE1[N ]
to E2[N ] such that∧2φ raises the Weil pairing to theε-th power; cf. Kani and
Schanz [7], p. 339. The modular parameterization is given on points as follows:
let (τ1, τ2) ∈ H × H and letEi be the elliptic curve given by the lattice with basis
{1, τi}. Also, lete be an integer that reduces toε modN . We then have the mapφ
fromE1[N ] toE2[N ] that sendsτ1/N to eτ2/N and 1/N to 1/N ; it raises the Weil
pairing to theε-th power, the group of elements of�(1)× �(1) that preserveφ
is the subgroup��,ε(N) defined above, and every triple(E1, E2, φ) arises in this
fashion.

The structure of theX�,ε(N)’s as complex surfaces has been studied by Her-
mann in [5] and by Kani and Schanz in [7]; ourX�,ε(N) is Hermann’sYN,ε−1 and
Kani and Schanz’sZN,ε−1.2 In particular, Kani and Schanz give explicit formulas
and tables computing various invariants of theX�,ε(N)’s, such as the dimensions
of various cohomology groups. They also give explicit minimal desingularizations
of the surfaces.

We now define spaces of modular forms on these surfaces. Thus, letf be a
holomorphic function onH × H; let γ = (γ1, γ2) be an element of GL+2 (R) ×
GL+

2 (R), where GL+2 (R) is the set of elements of GL2(R) with positive determi-
nant; and letk = (k1, k2) be a pair of natural numbers. We define the function
f |k,γ : H × H → C by

f |k,γ (z1, z2) = f (γ1(z1), γ2(z2))j (γ1, z1)
−k1j (γ2, z2)

−k2

2 We replaced theirε byε−1 to simplify the normalizations given in Sect. 7; sinceX�,ε(N)
andX�,ε−1(N) are isomorphic, this is an unimportant change.
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where, ifσ = (
a b
c d

)
is an element of GL+2 (R), thenσ(z) = (az+ b)/(cz+ d) and

j (σ, z) = (ad − bc)−1/2(cz+ d). We writef |γ instead off |k,γ if k is clear from
context.

Defining�(1) to be SL2(Z), we say that a subgroup� of �(1)× �(1) is a
congruence subgroup if it contains the group�w(N)× �w(N) for someN , where
�w(N) is defined to be the set of matrices in SL2(Z) that are congruent to the
identity modN . A functionf : H × H → C is amodular form for � of weight k if
f |k,γ = f for all γ ∈ � and iff is holomorphic at the cusps. To explain this latter
condition, assume that�w(N)× �w(N) ⊂ �. Thenf (z1 + N, z2) = f (z1, z2)

for all (z1, z2) ∈ H × H; so settingq1 = e2π
√−1z1/N , we can write

f (z1, z2) =
∑
m∈Z

cm(f )(z2)q
m
1

for some functionscm(f ). If cm(f ) is zero for allm < 0 and if a similar condition
holds if we do a Fourier expansion inz2, we say thatf is holomorphic at infinity.
And f is holomorphic at all of the cusps if, for all γ ∈ �(1)× �(1), f |k,γ is
holomorphic at infinity.

A modular form is acusp form if it vanishes at all of the cusps; that is to say, if
whenever we take a Fourier expansion off |k,γ in either variable as above,c0(f )
is zero. We denote the space of all modular forms of weightk for � byMk(�); we
denote the space of all cusp forms bySk(�).

If � = �1 × �2, with each�i a congruence subgroup of�(1), then there is a
natural map fromMk1(�1)⊗Mk2(�2) toM(k1,k2)(�1 × �2) which sendsf1 ⊗ f2
to the function

(z1, z2) 
→ f1(z1)f2(z2).

Furthermore, this map sends cusp forms to cusp forms. It is in fact an isomorphism
in either the modular form or cusp form case:

Proposition 2.1. If S is a subset of H∗ or H∗ × H∗ and � is a congruence subgroup
of �(1) or �(1)× �(1), let Mk(�, S) be the set of forms in Mk(�) that vanish on
the points in S. Then for any congruence subgroups �1 and �2 of �(1) and subsets
S1 and S2 of H∗, the natural map

Mk1(�1, S1)⊗Mk2(�2, S2)→ M(k1,k2)(�1 × �2, (S1 × H∗) ∪ (H∗ × S2))

is an isomorphism.

Proof. We prove the Proposition by induction on the dimMk1(�1, S1). SetS12 =
(S1 × H∗) ∪ (H∗ × S2), and assume that dimMk1(�1, S1) is zero. Letf be an
element ofM(k1,k2)(�1 × �2, S12). For anyz2 ∈ H∗, the functionz 
→ f (z, z2) is
an element ofMk1(�1, S1), which is therefore zero, sof is the zero function.

Now assume that dimMk1(�1, S1) is positive, and letz′1 be an element ofH∗
such that, settingS′1 = S1 ∪ {z′1}, dimMk1(�1, S

′
1) = dimMk1(�1, S1) − 1. Let

S′12 = (S′1×H∗)∪ (H∗ × S2); writingMi forMki (�i, Si),M
′
1 forM1(�1, S

′
1), and
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M1,2 andM ′
1,2 for the similar spaces of weight(k1, k2) and level�1 × �2, we will

construct a commutative diagram

0 −−−−→ M ′
1 ⊗M2 −−−−→ M1 ⊗M2 −−−−→ M2 −−−−→ 0� � ∥∥∥

0 −−−−→ M ′
1,2 −−−−→ M1,2 −−−−→ M2 −−−−→ 0

with exact rows. This will prove our Proposition: the left vertical arrow is an iso-
morphism, by induction, so the middle one is as well.

The left horizontal arrows are the obvious injections. The right arrow on the top
row sendsf1 ⊗ f2 to f1(z

′
1)f2; the definition ofS′1 and the choice ofz′1 shows that

this makes the top row exact.
Similarly, we define the right arrow on the bottom row by having it sendf to the

function sendingz to f (z′1, z), which is inMk2(�2, S2). This map is surjective: if
we pick a functionf ′

1 ∈ Mk1(�1, S1) such thatf ′
1(z) = 1 then we can get a splitting

for this map by sendingf2 to the image off ′
1⊗f2 under the middle vertical arrow.

The exactness of the bottom row then follows immediately from the definitions.
��

Corollary 2.1. Given any natural numbers k1, k2, and N , we have isomorphisms

M(k1,k2)(��,ε(N)) � (Mk1(�w(N))⊗Mk2(�w(N)))SL2(Z/NZ)

and

S(k1,k2)(��,ε(N)) � (Sk1(�w(N))⊗ Sk2(�w(N)))SL2(Z/NZ),

where SL2(Z/NZ) acts on the first member of the tensor product in the natural
fashion and on the second member via the automorphism θε .

Proof. By Proposition 2.1,

M(k1,k2)(�w(N)× �w(N)) � (Mk1(�w(N))⊗Mk2(�w(N)));

that SL2(Z/NZ)-invariants correspond to forms inM(k1,k2)(��,ε(N)) follows from
the definitions. The cusp form case is similar, settingS1 andS2 in the Proposition
to be equal toP1(Q). ��

This allows us to express the dimension of the spaceS(2,2)(��,ε(N)) in terms
of data given in Kani and Schanz [7]:

Corollary 2.2. The dimensions of S(2,2)(��,ε(N)) and H 2(X�,ε(N),OX�,ε (N))
are equal, and they are also equal to the geometric genus of a desingularization of
X�,ε(N).
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Proof. Writing X for Xw(N), we have the equalities

dimS(2,2)(��,ε(N)) = dim(S2(�w(N))⊗ S2(�w(N)))
SL2(Z/NZ)

= dim(H 1(X,OX)⊗H 1(X,OX))SL2(Z/NZ)

= dimH 2(X ×X,OX×X)SL2(Z/NZ)

= dimH 2(SL2(Z/NZ)\(X ×X),OSL2\X×X).

The last equality follows from Kani and Schanz [6], Proposition 2.7; that the right
hand side equals the geometric genus is Kani and Schanz [6], Proposition 3.1.��

Of course, this isn’t too surprising: weight 2 cusp forms should correspond to
holomorphic 2-forms.

If f is a modular form on��,ε(N), it has a Fourier expansion

f (z1, z2) =
∑

m1,m2≥0

cm1,m2(f )q
m1
1 q

m2
2

whereqi = e2π
√−1zi/N . There is one thing that we can say immediately about the

Fourier coefficientscm1,m2(f ):

Proposition 2.2. For all f ∈ M(k1,k2)(��,ε(N)), cm1,m2(f ) = 0 is zero unless
εm1 +m2 ≡ 0 (modN).

Proof. This follows from the fact thatf = f |((
1 e
0 1

)
,
(

1 1
0 1

)), wheree is an integer

congruent toε modN . ��
Thus, most of the Fourier coefficients are “missing”. This turns out to make it

natural to also study modular forms on the surfaceX�(N), even when we are only
interested in one of the individualX�,ε(N)’s; we shall elaborate on this theme in
Sect. 5.

One way to produce forms onX�,ε(N) is to consider forms onX�,ε(N/d) to
be forms onX�,ε(N), for d a divisor ofN . Such forms have Fourier coefficients
cm1,m2 equal to zero unlessd dividesm1 (and hencem2, by Proposition 2.2). The
converse is also true:

Proposition 2.3. Let f be a modular form of weight k on ��,ε(N), and assume
that, for some d|N , we have cm1,m2(f ) = 0 unless d|m1. Then f is an element of
Mk(��,ε(N/d)).

Proof. The fact thatcm1,m2(f ) = 0 unlessd|m1 is equivalent to havingf be

invariant under
(( 1 N/d

0 1

)
,
(

1 0
0 1

))
. Thus, we have to show that the smallest subgroup

� containing both
(( 1 N/d

0 1

)
,
(

1 0
0 1

))
and��,ε(N) is��,ε(N/d). Furthermore, we

can take the quotient by�w(N) × �w(N), and thus consider all matrices to be
elements of SL2(Z/NZ). LettingG = {γ ∈ SL2(Z/NZ) | (γ,1) ∈ �}, we see that
� = G×{1}·��,ε(N)and one checks that� is a subgroup if and only ifG is normal.
Thus, we have to show that the smallest normal subgroup of SL2(Z/NZ) containing
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the matrixτN/d = ( 1 N/d
0 1

)
is the kernel of the natural map from SL2(Z/NZ) to

SL2(Z/(N/d)Z). Furthermore, we can assume thatd is a primep, and by the
Chinese remainder theorem we can assume thatN = pl for somel.

First, assume thatl = 1, so we want to show that the smallest normal subgroup
G of SL2(Z/pZ) containingτ1 = (

1 1
0 1

)
is the entire group. Conjugating byσ =(

0 −1
1 0

)
, we see thatτ ′1 = (

1 0
1 1

)
is also inG. But (τ ′1)2τ

−1
1 τ ′1τ1 = σ , andσ andτ1

generate SL2(Z), hence SL2(Z/NZ).
Finally, assume thatl > 1, and that we have a normal subgroupG containingτq ,

whereq = pl−1. (Note thatq2 is zero inZ/plZ, which greatly simplifies calcula-

tions.) We then have to show thatG contains all matrices of the form
(

1+aq bq
cq 1+dq

)
with determinant 1; this condition on the determinant is equivalent to havinga

equal to−d in Z/pZ. But it is easy to produce all such matrices by taking suitable
multiples ofτq , its conjugate by

(
0 −1
1 0

)
, and its conjugate by

(
a a−1
1 1

)
. ��

In fact, the following analogue of Atkin–Lehner theory is true:

Theorem 2.1. Let f be a modular form on ��,ε(N) such that

cm1,m2(f ) = 0 unless (mi,N) > 1. (2.1)

Then f can be written as a sum f = ∑
p|N fp where the p’s are the prime divisors

of N and fp ∈ Mk(��,ε(N/p)). Furthermore, if f is a cusp form then the fp’s
can be chosen to be cusp forms.

The proof rests on two elementary linear algebra lemmas:

Lemma 2.1. Let V1, . . . , Vn be vector spaces and, for each i, let fi be an endo-
morphism of Vi . Then

ker(f1 ⊗ · · · ⊗ fn) =
n∑
i=1

V1 ⊗ · · · ⊗ (kerfi)⊗ · · · ⊗ Vn.

Proof. We can easily reduce to the casen = 2. If we writeVi = (kerfi)⊕V ′
i then

fi |V ′
i

is an isomorphism onto its image, and

V1 ⊗ V2 = ((kerf1)⊗ (kerf2))⊕ ((kerf1)⊗ V ′
2)

⊕ (V ′
1 ⊗ (kerf2))⊕ (V ′

1 ⊗ V ′
2).

We see thatf1 ⊗ f2 is zero on the first three factors, and is an isomorphism from
the fourth factor onto its image; ker(f1 ⊗ f2) is therefore the sum of the first three
factors, which is what we wanted to show.��
Lemma 2.2. Let V1, . . . , Vn be vector spaces and, for each i, let V ′

i and V ′′
i be

subspaces of Vi . Then(
n∑
i=1

V1 ⊗ · · · ⊗ V ′
i ⊗ · · · ⊗ Vn

)
∩ (V ′′

1 ⊗ · · · ⊗ V ′′
n )

=
n∑
i=1

V ′′
1 ⊗ · · · ⊗ (V ′

i ∩ V ′′
i )⊗ · · · ⊗ V ′′

n .
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Proof. Again, we can assume thatn = 2. WriteVi = Vi1⊕Vi2 ⊕Vi3⊕Vi4 where
Vi1 = V ′

i ∩ V ′′
i , V ′

i = Vi1 ⊕ Vi2, andV ′′
i = Vi1 ⊕ Vi3. ThenV ′

1 ⊗ V2 + V1 ⊗ V ′
2 is

the direct sum of thoseV1j ⊗ V2k ’s where at least one ofj or k is in the set{1,2}.
Also,V ′′

1 ⊗ V ′′
2 is the direct sum of theV1j ⊗ V2k ’s wherej andk are both in the

set{1,3}. Thus, their intersection is(V11 ⊗ V21)⊕ (V11 ⊗ V23)⊕ (V13 ⊗ V21), as
claimed. ��
Proof of Theorem 2.1. Let M = Mk(�(N)) ⊗ Mk(�(N)); it comes with an
action of SL2(Z/NZ) × SL2(Z/NZ). If f ∈ M andd|N , defineπd(f ) to be∑
d|m1,m2

cm1,m2(f )q
m1
1 q

m2
2 . Thenπd(f ) ∈ M: in fact,

πd(f ) = 1

d2

d−1∑
b1,b2=0

f |(( 1 b1N/d
0 1

)
,
( 1 b2N/d

0 1

)).
The principle of inclusion and exclusion implies thatf satisfies (2.1) if and only
if f = ∑

p|N πp(f ) −
∑
p1,p2|N
p1<p2

πp1p2(f ) + · · · . Thus, if V is an irreducible

SL2(Z/NZ)×SL2(Z/NZ)-representation contained inM, it suffices to prove our
Theorem for a form inV , since the conditions of our Theorem can be expressed in
terms of the action of SL2(Z/NZ).

Let N = ∏n
i=1p

ni
i be the prime factorization ofN . Then SL2(Z/NZ) ×

SL2(Z/NZ) � ∏
i SL2(Z/piZ) × SL2(Z/piZ), soV � ⊗

i Vi whereVi is a
representation of SL2(Z/piZ)×SL2(Z/piZ). Also,πpi acts as the identity on the
Vj for j  = i. So if we define

π(f ) = f −
∑
p|N
πp(f )+

∑
p1,p2|N
p1<p2

πp1p2(f )− · · ·

thenπ = (1− πp1)⊗ · · · ⊗ (1− πpn) and ker(π) is the space of forms satisfying
(2.1). Thus, Lemma 2.1 implies that

ker(π) =
n∑
i=1

V1 ⊗ · · · ⊗ (ker(1− πpi ))⊗ · · · ⊗ Vn.

Turning now to the question of a form’s being inMk(��,ε(N)), that is the case
if and only if the form is both inMk(�(N))⊗Mk(�(N)) and is invariant under the
imageG(N) of ��,ε(N) in SL2(Z/NZ)×SL2(Z/NZ). Also,G(N) � ∏

i G(pi).
Thus, settingV ′

i to be ker(1 − πpi ) andV ′′
i to be the space ofG(pi)-invariant

elements ofVi , Lemma 2.2 implies that an element ofV is both in kerπ and
invariant underG(N) if and only if it is in

n∑
i=1

V ′′
1 ⊗ · · · ⊗ (V ′

i ∩ V ′′
i )⊗ · · · ⊗ V ′′

n . (2.2)

But if vi ∈ Vi is in V ′
i ∩ V ′′

i then it is invariant both underG(pi) and under
πpi . Thus, each element of the summand in (2.2) corresponds to forms satisfying
the conditions of Proposition 2.3, so that Proposition proves our Theorem in the
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modular form case. The cusp form case is exactly the same, replacingM by the
space of cusp forms.��

We defineSk(��,ε(N)) to be the quotient ofSk(��,ε(N)) by the subgroup
of forms f whose Fourier coefficients satisfy the condition of Theorem 2.1. In
the �1(N) case, this would have the effect of replacingSk(�1(N)) by a space
with the same Hecke eigenspaces but where each eigenspace is one-dimensional,
generated by the newform in that eigenspace; we shall see in Theorem 5.2 that
Hecke eigenspaces inSk(��,ε(N)) are also one-dimensional. We let

Sk,�(N) =
⊕

ε∈(Z/NZ)∗
Sk(��,ε(N)),

and we let

Sk,�(N) =
⊕

ε∈(Z/NZ)∗
Sk(��,ε(N)).

Note that in the definitions ofSk(��,ε(N)) andSk,�(N) it’s enough to assume that
the Fourier coefficients are zero unless(m1, N) > 1 (or unless(m2, N) > 1), by
Proposition 2.2.

Proposition 2.4. If p is prime then the spaces S(2,2)(��,ε(p)) and S(2,2)(��,ε(p))
are equal, as are the spaces S(2,2),�(p) and S(2,2),�(p).

Proof. We have to show that iff is an element ofS(2,2)(��,ε(p)) such that the
Fourier coefficientscm1,m2(f ) are zero unlessp|m1 thenf is zero. Proposition 2.3
implies that such anf is in fact a form on��,ε(1). By Corollary 2.1,f can be
considered to be an element ofS2(�(1))⊗ S2(�(1)). ButS2(�(1)) is zero, sof is
zero. ��

In fact, this holds for all weights(k1, k2) where eachki is less than 12.

Proposition 2.5. For all N > 0,

dimSk(��,ε(N)) =
∑
d|N

dimSk(��,ε(d)).

Proof. If, for eachd|N , we choose a mapsd : Sk(��,ε(d))→ Sk(��,ε(d))splitting
the projection fromSk(��,ε(d)) to Sk(��,ε(d)), and if we lettd be the natural
inclusion ofSk(��,ε(d)) into Sk(��,ε(N)), then Theorem 2.1 shows that the map

(
∑
d|N
td) ◦ (

⊕
d|N

sd) :
⊕
d|N

Sk(��,ε(d))→ Sk(��,ε(N))

is an isomorphism of vector spaces.��
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3. Hecke operators on X�,ε(N)

Set

.∗�,ε(N) =




((
a1 b1
c1 d1

)
,

(
a2 b2
c2 d2

))
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ai, bi, ci, di ∈ Z,
aidi − bici > 0,
(aidi − bici, N) = 1,
a1 ≡ a2 (modN),
b1 ≡ εb2 (modN),
εc1 ≡ c2 (modN),
d1 ≡ d2 (modN)



.

This is a semigroup: we prove a more general property at the beginning of Sect. 4.
We can partition.∗�,ε(N) into double��,ε(N)-cosets; each double coset is called
a Hecke operator. They act on the spaces of modular forms as follows:

Let γ = (γ1, γ2) be an element of.∗�,ε(N), and let

��,ε(N)γ��,ε(N) =
∐
j

��,ε(N)γj

be a decomposition of the double coset generated byγ into left cosets. As we
shall see in Proposition 3.1, this decomposition is finite. Then, iff is a form in
M(k1,k2)(��,ε(N)), we define

f |(k1,k2),��,ε (N)γ��,ε (N) = det(γ1)
(k1/2)−1 det(γ2)

(k2/2)−1
∑
j

f |(k1,k2),γj .

We see as in Shimura [12], Chapter 3, thatf |(k1,k2),��,ε (N)γ��,ε (N) is an element
of the spaceM(k1,k2)(��,ε(N)), that cusp forms are transformed into cusp forms,
and that the product of two Hecke operators is a sum of Hecke operators.

Let Tn1,n2 be the operator given by the sum of the double cosets containing
elements(γ1, γ2) where det(γi) = ni . This is zero unlessn1 ≡ n2 (modN) and
(ni, N) = 1. Left coset representatives for it are given as follows:

Proposition 3.1. Let (n1, n2) be a pair of positive integers that are congruent mod
N and that are relatively prime to N . The set of elements of .∗�,ε(N) that have
determinant (n1, n2) then has the following left coset decomposition:

∐
a1,a2>0
aidi=ni
0≤bi<di

��,ε(N)
(
σa1

(
a1 b1N

0 d1

)
, σa2

(
a2 b2N

0 d2

))

where, for a ∈ (Z/NZ)∗, σa is any matrix in �(1) that is congruent to
(
a−1 0

0 a

)
modN .
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Proof. First, note that the above cosets do indeed occur inTn1,n2. Also, it is easy to
see that the above cosets are disjoint. Thus, we have to show that the cosets cover
all of Tn1,n2.

Let (δ1, δ2) be an element of.∗�,ε(N) whose determinant is(n1, n2). By
Shimura [12], Proposition 3.36, we can multiplyδ1 on the left by an element of

�(1) to get it into the form
(
a1 b1
0 d1

)
, with a1 > 0, a1d1 = n1, and 0≤ b1 < d1.

Subsequently multiplying it on the left by an element of the form
(

1 x
0 1

)
will put

it into the form
(
a1 b1N
0 d1

)
, but possibly with a differentb1. (We can still forceb1

to be in the range 0≤ b1 < d1, however.) And sinceσa1 is an element of�(1),
we have shown that there is an elementγ1 of �(1) such thatγ1δ1 is of the form

σa1

(
a1 b1N
0 d1

)
.

We can choose an elementγ2 of �(1) such that(γ1, γ2) is in ��,ε(N): reduce
γ1 modN , apply θε to it, and lift it back to�(1). Multiplying (δ1, δ2) on the

left by (γ1, γ2), we can thus assume thatδ1 is of the formσa1

(
a1 b1N
0 d1

)
. But then

the congruence relations forceδ2 to be congruent to the matrix
( 1 0

0 n1

) ≡ ( 1 0
0 n2

)
(modN).

Now that we have fixedδ1 to be of the correct form, we still have to forceδ2
to be of the correct form, and we are only allowed to multiplyδ2 on the left by
elements of�w(N). Thus, we need to find an elementγ ′2 of �w(N) such thatγ ′2δ2
is of the formσa2

(
a2 b2N
0 d2

)
. However,δ2 is in what Shimura calls.′ in [12], p. 68,

so we can indeed find such aγ ′2 by Proposition 3.36 of Shimura [12].��
The action of the Hecke operatorsTn1,n2 descends to the spacesSk(��,ε(N)):

Proposition 3.2. If f is a form in Sk(��,ε(N)) such that cm1,m2(f ) = 0 unless
(N,mi) > 1 then Tn1,n2f has the same property for all n1 ≡ n2 (modN).

Proof. This follows from Theorem 2.1. ��
Proposition 3.3. For all (δ1, δ2) ∈ .∗�,ε(N), the��,ε(N)-double cosets generated
by (δ1, δ2) and (δι1, δ

ι
2) are equal, where(

a b

c d

)ι
=

(
d −b
−c a

)
.

Proof. We need to find matrices(γ1, γ2) and (γ ′1, γ ′2) in ��,ε(N) such that, for
i ∈ {1,2}, γiδi = διiγ ′i . Sinceδ1 andδι1 have the same elementary divisors, we can
choose aγ1 andγ ′1 that give us equality on the first coordinate. Now pickγ2 andγ ′2
such that(γ1, γ2) and(γ ′1, γ ′2) are in��,ε(N). Thenγ2δ2 ≡ δι2γ

′
2 (modN). But

by Shimura [12], Lemma 3.29(1), we can then changeγ2 andγ ′2 by elements of
�w(N) so thatγ2δ2 = δι2γ ′2, as desired. ��

We can define a Petersson inner product on the space of weight(k1, k2) cusp
forms just as in the one-variable case:

〈f, g〉 =
∫
��,ε (N)\H×H

f (zi)g(zi)y
k1−2
1 y

k2−2
2 dx1 dx2 dy1 dy2



212 D. Carlton

(wherezi = xi +
√−1yi); then just as in Shimura [12], Formula (3.4.5), we see

that the Hecke operators��,ε(N)(δ1, δ2)��,ε(N)and��,ε(N)(δι1, δι2)��,ε(N)are
adjoint with respect to that inner product. (The argument in [12] depends on having
a fundamental domain for��,ε(N) in H × H; we can construct such a fundamental
domain as a finite union of fundamental domains for SL2(Z)× SL2(Z), and those
are in turn products of fundamental domains for SL2(Z) in H.) Thus:

Corollary 3.1. The Z-algebra generated by the Hecke operators is a commutative
algebra; the Hecke operators are self-adjoint with respect to the Petersson inner
product on Sk(��,ε(N)) and simultaneously diagonalizable.

Proof. The self-adjointness follows from Proposition 3.3 by the above discussion;
the commutativity follows from Proposition 3.3 and Shimura [12], Proposition 3.8,
and the simultaneous diagonalizability follows from the self-adjointness.��

The effect of Hecke operators on Fourier expansions is given as follows:

Proposition 3.4. Let f be an element of M(k1,k2)(��,ε(N)); if a is an element of
(Z/NZ)∗, let f |(

σa,
(

1 0
0 1

)) have the Fourier expansion

f |(
σa,

(
1 0
0 1

))(z1, z2) = ∑
m1,m2≥0

ca,m1,m2q
m1
1 q

m2
2 .

If we set

Tn1,n2f (z1, z2) =
∑

m1,m2≥0

dm1,m2q
m1
1 q

m2
2

then the dm1,m2’s are given by

dm1,m2 =
∑

a1,a2>0
ai |(mi ,ni )

a
k1−1
1 a

k2−1
2 c(a1/a2),m1n1/a

2
1,m2n2/a

2
2
.

Proof. The proof is entirely parallel to the proof of the analogous fact in the one-
variable case; cf. Shimura [12], (3.5.12).��

Note that the matrices
(
σa,

(
1 0
0 1

))
don’t normalize��,ε(N). This is why we

have to introduce the functionsf |(
σa,

(
1 0
0 1

)) instead of simply diagonalizing

Mk(��,ε(N)).

Corollary 3.2. Let f ∈ Mk(��,ε(N)) be a simultaneous eigenform for all of the
Hecke operators. Then if λm1,m2(f ) is the eigenvalue for Tm1,m2, we have

cm1,m2(f ) = λm1,m2(f )c1,1(f ).

Unfortunately, this Corollary isn’t quite as useful as one might hope, since the
above coefficients are all zero by Proposition 2.2 unlessε = −1! However, in that
situation, we do get the following result:
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Corollary 3.3. If f and g are elements of Sk(��,−1(N)) that are eigenfunctions
for all Tn1,n2’s with the same eigenvalues then their images in Sk(��,−1(N)) differ
by a multiplicative constant.

Proof. By Proposition 2.2 and Corollary 3.2, if we letc = c1,1(f )/c1,1(g) then
cm1,m2(f − cg) = 0 unless(mi,N) > 1. ��

This can be restated as follows: letTk,ε(N) be theC-algebra of endomorphisms
of Sk(��,ε(N)) generated by the Hecke operatorsTn1,n2 for n1 ≡ n2 (modN).
Then:

Proposition 3.5. The space Sk(��,−1(N)) is a free module of rank one over
Tk,−1(N).

Proof. By Corollary 3.1, we can find a basis forSk(��,−1(N)) consisting of simul-
taneous eigenforms for all of the elements ofTk,−1(N). Furthermore, by Corol-
lary 3.3, no two of those eigenforms have the same eigenvalues. This implies our
Proposition. ��

We defineT∗
k,ε(N) to be theC-algebra of endomorphisms ofSk(��,ε(N))

generated by the Hecke operatorsTn1,n2 for n1 ≡ n2 (modN). Proposition 2.4
tells us that the spacesS(2,2)(��,ε(p)) andS(2,2)(��,ε(p)) are equal; thus, the
above Proposition has the following Corollary:

Corollary 3.4. The space S(2,2)(��,−1(p)) is a free module of rank one over
T∗
(2,2),−1(p).

With a little bit more care, we can use the above techniques to prove similar facts
for ε = −k2 instead of justε = −1. (This isn’t too surprising, sinceX�,−1(N)

andX�,−k2(N) are isomorphic.) They are in fact true for arbitraryε; the proof
demands different techniques, and will be given as Theorem 5.2. It does seem that
X�,−1(N) is the “dominant”X�,ε(N); see Sects. 5 and 6 for further discussion of
this matter.

Finally, we letT∗≡(N) denote the free polynomial algebra overC with variables
Tn1,n2 for every pairn1,n2 of positive integers that are relatively prime toN and
congruent modN . This algebra acts on the spacesSk(��,ε(N)) andSk(��,ε(N))
for all k andε; its image in the endomorphism rings of those spaces gives us the
algebrasT∗

k,ε(N) andTk,ε(N) that we defined above.

4. Hecke operators on X�(N)

In analogy with the elliptic curve case, we’d like to think of the Hecke operators
Tn1,n2 defined above as arising from correspondences that have the following mod-
ular interpretation: let(E1, E2, φ) be a point ofX�,ε(N), and letπi : Ei → E′

i be
maps of elliptic curves of degreeni , where(ni, N) = 1. Thenφ induces a map
from E′

1[N ] to E′
2[N ] which is an isomorphism of group schemes;Tn1,n2 should

send our point to the sum of all points(E′
1, E

′
2, φ) that arise in such a fashion. Why,
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then, do we impose the restriction thatn1 be congruent ton2 modN? The answer is
that, ifπ : E → E′ is a map of degreen (with (n,N) = 1) thenπ doesn’t preserve
the Weil pairing:

(πx, πy) = (x, π∨πy) = (x, [n]y) = (x, y)n.
So ifφ raises the Weil pairing to theε’th power then, if we push it forward via maps
of orderni as above, the resulting map raises the Weil pairing to theεn2/n1 power.
This explains why we had to assume thatn1 ≡ n2 (modN) for the Hecke operators
to act on the surfacesX�,ε(N). However, we should have Hecke operatorsTn1,n2

for arbitraryni with (ni, N) = 1 which act on the surfaceX�(N).
The above considerations, when translated into matrices, lead us to the following

definition: for anyε, ε′ in (Z/NZ)∗, set

.∗
�,ε,ε′(N) =




((
a1 b1
c1 d1

)
,

(
a2 b2
c2 d2

))
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ai, bi, ci, di ∈ Z,
aidi − bici > 0,
(aidi − bici, N) = 1,
a1 ≡ a2 (modN),
b1 ≡ ε′b2 (modN),
εc1 ≡ c2 (modN),
εd1 ≡ ε′d2 (modN)



.

It is obvious from the definitions that.∗�,ε,ε = .∗�,ε and one easily checks that

.∗
�,ε,ε′ ·.∗

�,ε′,ε′′ ⊂ .∗
�,ε,ε′′ .

These facts imply in particular that.∗
�,ε,ε′ is invariant under multiplication by

��,ε(N) on the left and by��,ε′(N) on the right; thus,.∗
�,ε,ε′ can be partitioned

into Hecke operators that send forms onX�,ε(N) to forms onX�,ε′(N). For any
n1 andn2 with (ni, N) = 1 and withεn1 ≡ ε′n2 (modN), we define the Hecke
operatorT εn1,n2

to be the sum of the double cosets��,ε(N)(γ1, γ2)��,ε′(N) occur-
ring in.∗

�,ε,ε′ for which det(γi) = ni . While this depends onε, it has a set of left
coset representatives that is independent ofε:

Proposition 4.1. Let n1 and n2 be positive integers that are relatively prime to N ,
and let ε and ε′ be elements of (Z/NZ)∗ such that εn1 ≡ ε′n2 (modN). Then the
set of elements of .∗

�,ε,ε′(N) that have determinant (n1, n2) has the following left
coset decomposition:

∐
a1,a2>0
aidi=ni
0≤bi<di

��,ε(N)
(
σa1

(
a1 b1N

0 d1

)
, σa2

(
a2 b2N

0 d2

))

where, for a ∈ (Z/NZ)∗, σa is any matrix that is congruent to
(
a−1 0

0 a

)
mod N .

Furthermore, the above left cosets are also disjoint as �(1)× �(1) cosets.

Proof. The proof is the same as the proof of Proposition 3.1.��
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Recall that we defined

Sk,�(N) =
⊕

ε∈(Z/NZ)∗
Sk(��,ε(N))

and made a similar definition forSk,�(N). Also, if f is an element ofSk,�(N), we
write fε for its ε-th component. We then define Hecke operatorsTn1,n2 mapping
Sk,�(N) to Sk,�(N) by setting

(Tn1,n2f)ε = T εn2/n1
n1,n2 (fεn2/n1).

Proposition 4.1 shows that that action ofT εn1,n2
“looks the same” for allε, so we

will write Tn1,n2 in place ofT εn1,n2
from now on. The following Proposition shows

that the action of these Hecke operators descends to the spacesSk(��,ε(N)), and
hence allows us to similarly define an action of them on the spaceSk,�(N):

Proposition 4.2. If f is a form in Sk(��,ε(N)) such that cm1,m2(f ) = 0 unless
(N,mi) > 1 then Tn1,n2f has the same property for all ni relatively prime to N .

Proof. The proof is the same as the proof of Proposition 3.2.��
The action on Fourier expansions is also as expected from Proposition 3.4, with

the same proof:

Proposition 4.3. Let f be an element of M(k1,k2)(��,ε(N)); if a is an element of
(Z/NZ)∗, let f |(

σa,
(

1 0
0 1

)) have the Fourier expansion

f |(
σa,

(
1 0
0 1

))(z1, z2) = ∑
m1,m2≥0

ca,m1,m2q
m1
1 q

m2
2 .

If we set

Tn1,n2f (z1, z2) =
∑

m1,m2≥0

dm1,m2q
m1
1 q

m2
2

then the dm1,m2’s are given by

dm1,m2 =
∑

a1,a2>0
ai |(mi ,ni )

a
k1−1
1 a

k2−1
2 c(a1/a2),m1n1/a

2
1,m2n2/a

2
2
.

This Proposition (or Proposition 4.1, which it is a corollary of) allows us to
translate theorems about forms onXw(N) into theorems about forms onX�(N): if
f is a form on someX�,ε(N) and we have a Hecke operatorTn1,n2, we can consider
f to be form onXw(N) × Xw(N) and applyTn1 × Tn2 to it there. This gives us
a form onXw(N) × Xw(N); but by Proposition 4.1, that has the same effect as
directly applying theTn1,n2 that we have defined above tof considered as a form
on X�,ε(N), so our resulting form, which is a priori only a form onXw(N) ×
Xw(N), is really a form onX�,εn1/n2(N). Thus, the fact that the Hecke operators
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Tn (with (n,N) = 1) onXw(N) commute implies that our Hecke operatorsTn1,n2

commute. Similarly, we can define a Petersson inner product onSk,�(N) by taking
the orthogonal direct sum of the inner products on theSk(��,ε(N))’s; our Hecke
operators are then normal with respect to that inner product because the Hecke
operators onXw(N) are.

It is frequently useful to encapsulate this relation between forms onX�(N) and
forms onXw(N) via the map6 : Sk,�(N)→ Sk1(�w(N))⊗ Sk2(�w(N)) which
sendsf ∈ Sk,�(N) to

∑
ε∈(Z/NZ)∗ fε . (We are using the identification given by

Proposition 2.1 here.) BySki (�w(N)) we meanSki (�w(N))/V whereV is the
space of formsf ∈ Ski (�w(N)) such thatcm(f ) = 0 unless(m, ki) > 1; it is
a module over the Hecke algebra generated by the operatorsTn with (n,N) =
1, and its eigenspaces for that algebra are one-dimensional. The following two
Propositions then sum up the discussion of the previous paragraph:

Proposition 4.4. The map from Sk,�(N) to Sk1(�w(N))⊗ Sk2(�w(N)) sending f
to

∑
ε∈(Z/NZ)∗ fε commutes with the action of Hecke operators. It descends to an

injection 6 : Sk,�(N)→ Sk1(�w(N))⊗ Sk2(�w(N)); if f ∈ Sk,�(N) then

fε =
∑

m1,m2>0
εm1+m2≡0(modN)

(mi,N)=1

cm1,m2(6f)qm1
1 q

m2
2 .

Proof. The only parts that remain to be proved are that6 is an injection and
that fε can be recovered in the given manner. First, we note that, for allm1, m2
with (mi,N) = 1, cm1,m2(6f) = ∑

ε∈(Z/NZ)∗ cm1,m2(fε). But Proposition 2.2

says thatcm1,m2(fε) = 0 unlessε ≡ −m2/m1 (modN); cm1,m2(6f) therefore
equalscm1,m2(f−m2/m1). This together with Proposition 2.2 immediately implies
our formula forfε . And if 6f = 0 then this implies that, for allε and for allmi
such thatε ≡ −m2/m1 (modN), cm1,m2(fε) is zero. But that implies thatfε = 0
by using Proposition 2.2 again.��
Proposition 4.5. The Z-algebra generated by the Hecke operators Tn1,n2 acting on
Sk,�(N) is a commutative algebra; the Hecke operators are normal with respect
to the Petersson inner product on Sk,�(N) and simultaneously diagonalizable.

Proof. This follows from the above reduction of these facts to facts about forms on
Xw(N) and from Shimura [12], Theorem 3.41.��

Let f be an element ofSk,�(N), and letm1 andm2 be integers relatively prime
toN . We definecm1,m2(f) to be equal tocm1,m2(f−m2/m1). We also make the same
definition for f ∈ Sk,�(N). If we setf = ∑

ε∈(Z/NZ)∗ fε thenf is a form on
Xw(N)×Xw(N), andcm1,m2(f) = cm1,m2(f ), by Proposition 2.2, as noted in the
proof of Proposition 4.4.

Proposition 4.6. Let f be an element of Sk,�(N); for a ∈ (Z/NZ)∗, let fa ∈
Sk,�(N) be defined by

(fa)ε = f(a−2ε)|(
σa,

(
1 0
0 1

)).
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Then for all n1, n2 with (ni, N) = 1 and for allm1,m2 with (mi,N) = 1, we have

cm1,m2(Tn1,n2f) =
∑

a1,a2>0
ai |(mi ,ni )

a
k1−1
1 a

k2−1
2 cm1n1/a

2
1,m2n2/a

2
2
(fa1/a2).

Proof. This is a corollary of Proposition 4.3.��
We defineT∗(N) to be the free polynomial algebra overC with generators

Tn1,n2 for each pairn1, n2 of positive integers that are relatively prime toN . We
defineT∗

k,�(N) to be its image in the endomorphism ring ofSk,�(N); we define

Tk,�(N) to be its image in the endomorphism ring ofSk,�(N).

Corollary 4.1. If f ∈ Sk,�(N) is a simultaneous eigenform for all Hecke operators
Tn1,n2 in T∗

k,�(N)with eigenvaluesλn1,n2(f) then, for allm1 andm2 with (mi,N) =
1, we have

cm1,m2(f) = λm1,m2(f)c1,1(f).

Thus, if f is a non-zero element ofSk,�(N) that is an eigenform for all the
Tn1,n2’s thenc1,1(f) is also non-zero; we call such anf a normalized eigenform if
c1,1(f) = 1.

Corollary 4.2. The space Sk,�(N) is a free module of rank one over the algebra
Tk,�(N).

Proof. By Proposition 4.5, we can find a basis forSk,�(N) consisting of simulta-
neous eigenforms for all elements ofTk,�(N); the previous Corollary shows that
the eigenspaces are one-dimensional, implying this Corollary.��
Corollary 4.3. The space S(2,2),�(p) is a free module of rank one over the algebra
T∗
(2,2),�(p).

Proof. This follows from Corollary 4.2 and Proposition 2.4.��
There is a special class of operators contained in our Hecke algebrasT∗

k,�(N).
Given elementsε anda of (Z/NZ)∗, we have

(1, σa)
−1��,ε(N)(1, σa) = ��,a−2ε(N).

The action of(1, σa) therefore gives an isomorphism betweenSk(��,ε(N)) and
Sk(��,a−2ε(N)), denoted by〈a〉; as with the operatorsTn1,n2, 〈a〉 extends to the
spacesSk,�(N) andSk,�(N) via the definition(〈a〉f)ε = 〈a〉(fa2ε). Furthermore,

the action is the same up to a constant if we multiply(1, σa) by
((

1 0
0 1

)
,
(
a 0
0 a

))
;

but if we consider it as an operator onXw(N) × Xw(N), as in the discussion
before Proposition 4.4, then this, up to a constant, is the product of the identity with
the Hecke operatorT (a, a). By Shimura [12], Theorem 3.24(4),T (a, a) is in the
Q-algebra generated by theT (n)’s, so〈a〉 is in T∗

k,�(N). Thus:

Proposition 4.7. For all a ∈ (Z/NZ)∗, the operator 〈a〉 given by the action of
(1, σa) is an isomorphism from Sk(��,ε(N)) to Sk(��,a−2ε(N)); furthermore, it is
contained in T∗

k,�(N).
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5. Relationships between the spaces Sk,�(N), Sk(	�,ε(N)), and
Sk(	�,−1(N))

When we were trying to prove that the Hecke eigenspaces inSk(��,ε(N)) are
one-dimensional, we ran into problems because forms are “missing” Fourier coef-
ficients: in particular, they don’t have a(1,1) Fourier coefficient unlessε ≡ −1
(modN), so we couldn’t simply use Corollary 3.2. However, the spaceSk,�(N)
doesn’t have that problem, and there is a natural projection map fromSk,�(N)
to Sk(��,ε(N)). This gives us a replacement for the missing Fourier coefficients;
it also gives us a framework for seeing how the spacesSk(��,ε(N)) differ (as
T∗≡(N)-modules) asε varies.

The key Lemma here is the following:

Lemma 5.1. The space Sk(��,ε(N)) has a basis consisting of Tk,ε(N)-eigenforms
f that are of the form fε for Tk,�(N)-eigenforms f ∈ Sk,�(N).
Proof. If f ∈ Sk,�(N) is a Tk,�(N)-eigenform then it is certainly an eigenform
for those Hecke operatorsTn1,n2 wheren1 ≡ n2 (modN); its ε-componentfε is
therefore an eigenform for those operators as well. The Lemma then follows from
the fact thatSk,�(N) has a basis of eigenforms, by Proposition 4.5.��

It is possible for two differentTk,�(N)-eigenforms inSk,�(N) to project to the
sameTk,ε(N)-eigenform inSk(��,ε(N)); we shall discuss this in Theorem 5.1.
Also, some eigenforms inSk,�(N) project to zero for some choices ofε: see the
comments after the proof of the following Proposition and Sect. 6. We shall state a
slightly stronger version of this Lemma as Corollary 5.2.

Proposition 5.1. If f ∈ Sk(��,ε(N)) is a Tk,ε(N)-eigenform then there is an
Tk,−1(N)-eigenform g ∈ Sk(��,−1(N)) such that cm1,m2(g) = λm1,m2(f ) for all
m1 ≡ m2 (modN).

Proof. By Lemma 5.1, there is an eigenformf ∈ Sk,�(N) such thatλm1,m2(f) =
λm1,m2(f ) for allm1 ≡ m2 (modN). (We might a priori not be able to assume that
fε = f ; however,f is a linear combination of eigenforms projecting fromSk,�(N),
so those eigenforms must have the same eigenvalues asf .) We can assume that
f is normalized. We then setg = f−1; it is a normalized eigenform contained in
Sk(��,−1(N)), andλm1,m2(g) = λm1,m2(f) = λm1,m2(f ). But Corollary 3.2 then
tells us thatcm1,m2(g) = λm1,m2(f ). ��

DefineK
′
k,ε(N) to be the subspace ofSk(��,−1(N)) generated by eigenforms

whose eigenvalues are those of an eigenform inSk(��,ε(N)); defineKk,ε(N) to
be the subspace ofSk(��,−1(N)) generated by eigenforms which donot arise in
such a fashion. The Hecke algebraTk,ε(N) is isomorphic to the image ofTk,−1(N)

in the endomorphism ring ofK
′
k,ε(N): both actions are diagonalizable, so the rings

are isomorphic iff the same eigenvalues occur, which is the case by the definition of
K

′
k,ε(N) and by Proposition 5.1. In fact, the spacesK

′
k,ε(N) andSk(��,ε(N)) are

isomorphic asT∗≡(N)-modules, because the eigenspaces inSk(��,ε(N)) are one
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dimensional; we shall prove this fact later as Theorem 5.2. Thus, the spaceKk,ε(N)

measures the difference betweenSk(��,−1(N)) andSk(��,ε(N)); we shall study
this space in Sect. 6.

Since the proof of Proposition 5.1 involved lifting eigenforms inSk(��,ε(N))
to eigenforms inSk,�(N), we’d like to see how ambiguous the choice of such a
lifting is. The following Theorem answers that question:

Theorem 5.1. Let f be an eigenform in Sk,�(N), and letH ⊂ (Z/NZ)∗ be the set
of ε such that f−ε  = 0. Then:

1.H is a subgroup of (Z/NZ)∗.
2.H depends only on f−1.
3. Every element of (Z/NZ)∗/H has order one or two.
4. If g is another eigenform in Sk,�(N) then g−1 = f−1 if and only if there is a

character χ on H such that g−ε = χ(ε)f−ε for all ε ∈ H .

As we shall see in Sect. 6, the ambiguity in the fourth part of this theorem has to
do with forms with complex multiplication. First, we prove a lemma that we shall
need during the proof of the theorem.

Lemma 5.2. Let f be an eigenform in Sk,�(N) and ε an element of (Z/NZ)∗ such
that fε  = 0. For any positive integers m1 and m2 there exist positive integers n1
and n2 such that (ni,mi) = 1 for i ∈ {1,2} and cn1,n2(fε)  = 0.

Proof. By Proposition 4.4,6f is an eigenform inSk1(�w(N))⊗ Sk2(�w(N)).
Since the eigenspaces inSki (�w(N)) are one-dimensional, there must existfi ∈
Ski (�w(N)) such that6f = f1 ⊗ f2.

For anyε′ ∈ (Z/NZ)∗, setfi,ε′ = ∑
n>0

n≡ε′(modN)
cn(fi)q

n. It is also an element

of Ski (�w(N)). (This follows easily from Shimura [12], Proposition 3.64.) Then
fε = ∑

ε′∈(Z/NZ)∗ f1,ε′ ⊗ f2,−εε′ , by Proposition 4.4.
Sincefε  = 0, there existsε′ ∈ (Z/NZ)∗ such thatf1,ε′ andf2,−εε′ are both

nonzero. By Lang [8], Theorem VIII.3.1, there existni such that(ni, Nmi) = 1
and thatcn1(f1,ε′) andcn2(f2,−εε′) are both non-zero. But Proposition 4.4 then
implies thatcn1,n2(fε)  = 0, as desired. ��
Proof of Theorem 5.1. We can assume thatf is a normalized eigenform. To show
thatH is a subgroup, letε1 andε2 be elements ofH . Thus, there existn1,i and
n2,i (for i = 1,2) such thatcn1,i ,n2,i (f−εi ) is non-zero; by Lemma 5.2, we can
assume that(n1,1, n1,2) = (n2,1, n2,2) = 1, and by Proposition 2.2,εin1,i ≡ n2,i
(modN).

By Corollary 4.1,cn1,i ,n2,i (f) = λn1,i ,n2,i (f). But

λn1,1n1,2,n2,1n2,2(f) = λn1,1,n2,1(f)λn1,2,n2,2(f),

by our assumption that(ni,1, ni,2) = 1, and is therefore non-zero, as is the corre-
sponding Fourier coefficient off . This is a Fourier coefficient offε for

ε ≡ −(n2,1n2,2/n1,1n1,2) ≡ −(n2,1/n1,1)(n2,2/n1,2) ≡ −ε1ε2.
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Thus,ε1ε2 ∈ H , soH is a subgroup of(Z/NZ)∗.
To see that every element of(Z/NZ)∗/H has order one or two, picka ∈

(Z/NZ)∗ and letf ∈ Sk,�(N) be an eigenform. Then(〈a〉f)−1 = 〈a〉(f−a2). Since
〈a〉 is an invertible operator contained inTk,�(N), by Proposition 4.7, the fact that
f−1  = 0 implies that(〈a〉f)−1  = 0 as well, so sof−a2  = 0 anda2 ∈ H .

To show thatH depends only onf−1, it’s enough to prove the last part of the
Theorem. We shall prove that ifg is an eigenform such thatg−1 = f−1 then there is
a characterχ onH such thatg−ε = χ(ε)f−ε ; the converse (i.e. thatg’s constructed
in that fashion are eigenforms) follows easily from the definitions.

Thus, assume that we have normalized eigenformsf andg such thatf−1 = g−1;
letε be an element ofH , sof−ε  = 0. SinceH is a subgroup,f−(1/ε) is also non-zero.
There then existm1 andm2 relatively prime toN such thatm1 ≡ εm2 (modN)
andcm1,m2(f)  = 0. Therefore,λm1,m2(f) is also non-zero. And

λm1,m2(f)f−ε = (Tm1,m2f)−ε = Tm1,m2(f−εm2/m1) = Tm1,m2(f−1)

= Tm1,m2(g−1) = λm1,m2(g)g−ε .

Sinceλm1,m2(f) and f−ε are both non-zero, this implies thatλm1,m2(g) andg−ε
are also both non-zero, and that if we defineχ(ε) = λm1,m2(f)/λm1,m2(g) (for any
choice ofmi such thatm1 ≡ εm2 (modN) and such thatcm1,m2(f−1/ε)  = 0) then
g−ε = χ(ε)f−ε , as desired. We then only have to show thatχ is a character, not
just a function; that follows by using the same arguments that we used to show that
H was a subgroup. ��

We now have all the tools necessary to prove that the spacesSk(��,ε(N)) are
free of rank one overTk,ε(N) for all ε ∈ (Z/NZ)∗.

Theorem 5.2. For all ε ∈ (Z/NZ)∗, every Tk,ε(N)-eigenspace in Sk(��,ε(N))
is one-dimensional, and the space Sk(��,ε(N)) is a free module of rank one over
Tk,ε(N).

Proof. Pick aTk,ε(N)-eigenspace inSk(��,ε(N)). By Lemma 5.1, it has a basis
consisting of eigenforms of the formfε where f is a normalized eigenform in
Sk,�(N). Thus, we need to show that iff and g are normalized eigenforms in
Sk,�(N) such thatfε andgε are in the same eigenspace thenfε andgε are in fact
constant multiples of each other. However,λn1,n2(fε) = λn1,n2(f) = cn1,n2(f),
for all n1 ≡ n2 (modN), so the fact thatfε andgε have the same eigenvalues
simply means thatf−1 andg−1 are equal. Theorem 5.1 then implies thatfε and
gε are multiples of each other. Thus, the eigenspaces are one-dimensional, and
Sk(��,ε(N)) is indeed a freeTk,ε(N)-module of rank one. ��

The basic idea behind the proof of Theorem 5.2 is that, if we have a form in
Sk(��,ε(N)), we can use Lemma 5.1 to fill in the Fourier coefficients that are
forced to vanish by Proposition 2.2. Of course, it’s often easiest just to work with
Sk,�(N) andX�(N) directly. As usual, we have the following Corollary:

Corollary 5.1. For all ε ∈ (Z/pZ)∗, the space S(2,2)(��,ε(p)) is a free module of
rank one over T∗

(2,2),ε(p).
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Proof. This follows from Theorem 5.2 and Proposition 2.4.��
We also have the following slight strengthening of Lemma 5.1:

Corollary 5.2. For every eigenform f ∈ Sk(��,ε(N)) there exists an eigenform
f ∈ Sk,�(N) such that fε = f .

Proof. By Lemma 5.1,Sk(��,ε(N)) has a basis consisting of such eigenforms.
Since the eigenspaces are one-dimensional, however, every eigenform must be a
multiple of one of those basis elements.��

And, finally, we have the facts thatK
′
k,ε(N) andSk(��,ε(N)) are isomorphic

asT∗≡(N)-modules and a geometric consequence of that fact:

Corollary 5.3. For all ε ∈ (Z/NZ)∗, Sk(��,−1(N)) is isomorphic to Kk,ε(N)⊕
Sk(��,ε(N)) as a module over T∗≡(N).

Proof. By definition,Sk(��,−1(N)) = Kk,ε(N) ⊕ K ′
k,ε(N). But K

′
k,ε(N) is a

T∗≡(N)-module that is a direct sum of one-dimensional spaces corresponding to
the Hecke eigenvalues occurring inSk(��,ε(N)); the Corollary then follows from
Theorem 5.2. ��
Corollary 5.4. For all N > 0, the geometric genus of (a desingularization of)
X�,ε(N) is maximized when ε = −1.

Proof. Corollary 2.2 and Proposition 2.5 allow us to reduce this Corollary to show-
ing that, for allε and for allM|N , the dimension ofS(2,2)(��,−1(M)) is at least as
large as the dimension ofS(2,2)(��,ε(M)). This in turn follows directly from the
above Corollary. ��

6. The Hecke kernel

In Section 5, we saw that, for allε ∈ (Z/NZ)∗, we can writeSk(��,−1(N)) as
Kk,ε(N) ⊕ Sk(��,ε(N)). Thus, the key to understanding modular forms in all of
theSk(��,ε(N))’s is to understand the spaceSk(��,−1(N)); once we have that,
we then need to understand its subspacesKk,ε(N). The goal of the present section
is to study those subspaces, which we call “Hecke kernels”. Note that Corollary 5.4
gives us a geometric interpretation of these spaces in some situations.

We first give the alternate following characterizations of forms inKk,ε(N):

Proposition 6.1. Let f be a nonzero eigenform in Sk(��,−1(N)) and let ε be an
element of (Z/NZ)∗. The following are equivalent:

1. f is in Kk,ε(N).
2. For any or all eigenforms f ∈ Sk,�(N) such that f−1 = f , fε = 0.
3. For all n1, n2 such that εn1 + n2 ≡ 0 (modN), Tn1,n2f = 0.
4. For all m1, m2, n1, and n2 with n1m1 ≡ n2m2 (modN), εn1 + n2 ≡ 0
(modN), and (ni,mi) = 1 for i ∈ {1,2}, we have cn1m1,n2m2(f ) = 0.
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Proof. We can assumef is a normalized eigenform. First we, show the equivalence
between 1 and 2: letf be an eigenform inSk,�(N) such thatf−1 = f , which we
can find by Corollary 5.2. By Theorem 5.1,fε only depends on the choice off up
to a non-zero constant multiple. Iffε  = 0 thenfε is an eigenform inSk(��,ε(N))
whose eigenvalues are the same as those off , hence are the same as the Fourier
coefficients off , sof isn’t in Kk,ε(N). Conversely, iff isn’t in Kk,ε(N) then
there exists an eigenformg ∈ Sk(��,ε(N)) whose eigenvalues are the Fourier
coefficients off . Corollary 5.2 allows us to pick an eigenformg ∈ Sk,�(N) such
that gε = g; multiplying it (andg) by a constant factor, we can assume thatg is
a normalized eigenform. Thengε andg−1 have the same eigenvalues, sog−1 is a
multiple off , by our assumption ong; g therefore gives us an eigenform inSk,�(N)
such thatg−1 = f andgε  = 0, as desired. By Theorem 5.1, this is independent of
the choice ofg, justifying our use of the phrase “any or all”.

Next we show that 2 and 3 are equivalent. Thus, we are given normalized
eigenformsf ∈ Sk(��,−1(N)) andf ∈ Sk,�(N) such thatf = f−1 and we want
to show thatfε = 0 iff, for all n1 andn2 such thatεn1 + n2 ≡ 0 (modN),
Tn1,n2f = 0. First assume thatfε = 0. By part 1 of Theorem 5.1,f1/ε = 0. Then
for all ni as above,

Tn1,n2f = Tn1,n2(f−1) = (Tn1,n2f)−n1/n2 = (Tn1,n2f)1/ε
= λn1,n2(f)f1/ε = 0.

Conversely, ifTn1,n2f = 0 for all ni with εn1 + n2 ≡ 0 (modN) then the above
series of equalities shows thatλn1,n2(f)f1/ε is always zero, or equivalently (by
Corollary 4.1),cn1,n2(f)f1/ε = 0. If fε  = 0 then there exist suchni such that
cn1,n2(f)  = 0; thus,f1/ε = 0, sofε is zero after all, by part 1 of Theorem 5.1.

Next we show that 3 implies 4.Assume that, for alln1 andn2 with εn1+n2 ≡ 0
(modN ), Tn1,n2f = 0. Then, for allm1 andm2 with (mi, ni) = 1, we have
Tm1n1,m2n2(f ) = Tm1,m2(Tn1,n2(f ))

= 0, so in particular that is true formi with (mi, ni) = 1 and withm1n1 ≡ m2n2
(modN). But Corollary 3.2 then implies thatcm1n1,m2n2(f ) = 0.

Finally, we show that 4 implies 2, so letf be a normalized eigenform such
that all such coefficientscm1n1,m2n2(f ) are zero, and letf ∈ Sk,�(N) be a lift off .
Assume thatfε  = 0. Thus, there existn1 andn2 with cn1,n2(f)  = 0, or, equivalently,
λn1,n2(f)  = 0. Then for allm1 andm2 with (mi, ni) = 1 and withm1n1 ≡ m2n2
(modN), or equivalently(1/ε)m1 +m2 ≡ 0 (modN),

0 = λm1n1,m2n2(f) = λm1,m2(f)λn1,n2(f),

soλm1,m2(f) = 0 for allmi with (mi, ni) = 1 and(1/ε)m1 + m2 ≡ 0 (modN).
By Lemma 5.2,f1/ε = 0; by part 1 of Theorem 5.1,fε = 0, a contradiction. Thus
4 implies 2. ��

For an arbitrary form inKk,ε(N), it is necessary for those coefficients specified
in part 4 of Proposition 6.1 to vanish. The following Proposition shows that even
more coefficients of elements ofKk,ε(N) vanish:
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Proposition 6.2. For all a and ε in (Z/NZ)∗, the spaces Kk,ε(N) and Kk,a2ε(N)

are equal.

Proof. Let f be an eigenform inKk,ε(N), and letf ∈ Sk,�(N) be an eigenform
such thatf−1 = f . LetH be the set ofε such thatf−ε  = 0; by assumption,−ε  ∈H .
By the third part of Theorem 5.1,a2 ∈ H . SinceH is a group (by the first part of
Theorem 5.1),−a2ε  ∈H , sof−a2ε  = 0 andf ∈ Kk,a2ε(N). ��

Thus, iff ∈ Sk,�(N) is a normalized eigenform such thatfε is zero for someε,
or equivalently thatf−1 is inKk,ε(N), thenfa2ε is also zero for alla ∈ (Z/NZ)∗.
So if we let f = 6f then lots of the Fourier coefficients off are zero. This
leads one to suspect thatf might be related to forms with complex multiplication,
where we define an eigenformg onXw(N) to havecomplex multiplication if there
exists a non-trivial characterφ such thatφ(p)λp(g) = λp(g) (or, equivalently,
λp(g) = 0 unlessφ(p) = 1) for all but finitely many primesp, whereλp(g) is the
Tp-eigenvalue forg. (This is as in Ribet [10], §3, except that we don’t requireg to
be a newform.) This implies that, for someM, φ(n)λn(g) = λ(n)(g) for all n with
(M, n) = 1.We also call such ag aCM-form. It is indeed the case that such forms
are linked to elements of the Hecke kernel:

Theorem 6.1. An eigenform f is in K(k1,k2),ε(N) if and only if there exist eigen-
forms fi ∈ Ski (�w(N)) such that, for all n1 ≡ n2 (modN) with (ni, N) = 1,

cn1,n2(f ) = cn1(f1)cn2(f2)

and such that the fi have complex multiplication by some character φ such that
φ(−ε) = −1. Furthermore, K(k1,k2),ε(N) is spanned by such forms.

Proof. Let k = (k1, k2), and letf ∈ Sk(��,ε(N)) be an eigenform. Pick an
eigenformf ∈ Sk,�(N) such thatf−1 = f and letH be the subgroup ofε′ ∈
(Z/NZ)∗ such thatf−ε′  = 0, as in Theorem 5.1. By Proposition 4.4,6f is an
eigenform inSk1(�w(N))⊗ Sk2(�w(N)); but eigenspaces in that latter space are
one-dimensional, so6f = f1 ⊗ f2, wherefi ∈ Sk1(�w(N)) is an eigenform. We
wish to relatef ’s being an element ofKk,ε(N), i.e. havingfε = 0, to thefi ’s being
CM-forms.

For allm1 andm2 with (mi,N) = 1, cm1,m2(f) = cm1(f1)cm2(f2). If ε′  ∈H ,
i.e. f−ε′ = 0, then, for allmi such thatε′m1 ≡ m2 (modN), cm1,m2(f) = 0,
so cm1(f1) = 0 or cm2(f2) = 0. Since thefi are eigenforms, their first Fourier
coefficients are non-zero; thus, settingm2 = 1, cm1(f1) = 0 for m1 ≡ 1/ε′
(modN) whereε′  ∈H . SinceH is a subgroup, this means thatcm1(f1) = 0 for
m1  ∈H (identifyingm1 with its projection to an element of(Z/NZ)∗). Similarly,
cm2(f2) = 0 form2  ∈H .

First, assume thatf ∈ Kk,ε(N), i.e. thatfε = 0, or that−ε  ∈H . Pick a non-
trivial characterφ of (Z/NZ)∗ that is trivial onH and such thatφ(−ε)  = 1. The
previous paragraph shows thatf1 andf2 both have complex multiplication byφ.
By part 3 of Theorem 5.1,φ has order two; thus,φ(−ε) = −1, as desired.

Conversely, assume that there exists a characterφ such that the formsfi have
complex multiplication byφ and such thatφ(−ε) = −1. Pickm1 andm2 such
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thatεm1 +m2 ≡ 0 (modN ). Then−ε ≡ m2/m1 (modN); sinceφ(−ε) = −1,
eitherφ(m1) or φ(m2) is not equal to one. Thus, eithercm1(f1) or cm2(f2) is zero,
socm1,m2(f) = 0. This is true for all suchmi , sofε = 0, i.e.f ∈ Kk,ε(N).

Finally, the fact thatKk,ε(N) is spanned by such forms follows from the fact
that it has a basis of eigenforms, which is obvious from the definition ofKk,ε(N).
��

Forp prime we defineK�(p) to be the subspaceK(2,2),ε(p) of S(2,2)(��,ε(p))
for anyε ∈ (Z/pZ)∗ such that−ε is non-square; here we identifyS(2,2)(��,ε(p))
with S(2,2)(��,ε(p)) by Proposition 2.4. (For this to make sense, we should assume
thatp  = 2; sinceS(2,2)(��,ε(2)) is zero for allε, this isn’t very important.) This is
independent of the choice ofε by Proposition 6.2; its dimension is the difference
between the geometric genera ofX�,−1(p) andX�,ε(p), by Corollary 5.4. We
shall give an explicit basis for this space in Sects. 8 and 9.

7. The adelic point of view

As we have seen in Sect. 4, to get a satisfactory theory of Hecke operators, we
had to consider the surfaceX�(N), not just the surfacesX�,ε(N). To explain
this, it helps to look atX�(N) from the adelic point of view. Thus, we review
some of definitions from that theory and explain their relevance to our context. For
references, see Diamond and Im [1], Sect. 11.

Let A∞ denote the finite adeles, i.e. the restricted direct product of the fields
Qp with respect to the ringsZp. LetU be an open compact subgroup of GL2(A∞).
We define the curveYU to be GL+2 (Q)\(H × GL2(A∞))/U . Here, GL+2 (Q) is the
set of matrices in GL2(Q) with positive determinant, acting onH via fractional
linear translations and on GL2(A∞) via the injectionQ ↪→ A; U acts trivially
on H and acts on GL2(A∞) via multiplication on the right. This definesYU as a
non-compact curve over the complex numbers; it has a canonical compactification
XU given by adding a finite number of cusps. The curvesXU andYU in fact have
canonical models overQ which are irreducible; overC, however, the number of
their components is given by the index of detU in Ẑ×. If U andU ′ are open compact
subgroups of GL2(A∞) and ifg is an element of GL2(A∞) such thatg−1Ug ⊂ U ′
then multiplication byg on the right gives a mapg∗ : XU → X′

U ; it descends to
the models overQ.

We say that a functionf : H × GL2(A∞)→ C is a cusp form of weight k on
XU if

1. f(z, g) is a holomorphic function inz for fixedg.
2. f(γ z, γg) = j (γ, z)kf(z, g) for all γ ∈ GL+

2 (Q).
3. f(z, gu) = f(z, g) for all u ∈ U .
4. f(z, g), considered as a function inz, vanishes at infinity for allg.

We denote bySk(U) the space of all such forms. Ifg−1Ug ⊂ U ′ then we get a
mapg∗ : Sk(U ′)→ Sk(U) by defining(g∗f)(z, h) to bef(z, hg).

EachU -double coset in GL2(A∞) gives a Hecke operator, which acts onSk(U).
If U = GL2(Zp) × Up then the Hecke operatorTp is generated by the set of
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inverses of those elements of M2(Zp) whose determinant is inpZ×
p ; defining the

Hecke operatorSp to be the double coset generated by
(
p−1 0

0 p−1

)
in the GL2(Qp)

component, the ring of Hecke operators consisting of those double cosets generated
by elements in GL2(Qp) is generated byTp andS±1

p .
If we defineSk(C) to be the direct limit of theSk(U)’s asU gets arbitrarily small

then the above mapsg∗ make this into an admissible representation of GL2(A∞);
the original spacesSk(U) can be recovered from that representation by taking its
U -invariants. The main fact that we need is the following adelic analogue of parts
of Atkin-Lehner theory:

Theorem 7.1 (Strong Multiplicity One). If π and π ′ are two irreducible con-
stituents of Sk(C) such that πp and π ′

p are isomorphic for almost all p then π and
π ′ are equal. (Not just isomorphic.) Furthermore, if f and f ′ are elements of π and
π ′ then this is the case iff f and f ′ have the same eigenvalues for almost all Tp and
Sp; in this case, they have the same eigenvalues for all p such that f ∈ Sk(U) for
some U of the form GL2(Zp)× Up.

The subgroups that we shall be concerned with are

Uw(N) =
{
g ∈ GL2(Ẑ)

∣∣∣∣ g ≡
(∗ 0

0 1

)
(modN)

}
and

U(N) =
{
g ∈ GL2(Ẑ)

∣∣∣∣ g ≡
(

1 0
0 1

)
(modN)

}
.

These define the modular curvesXw(N) andX(N), respectively. The modular
interpretation ofX(N) is given as follows: for eachε ∈ (Z/NZ)∗, choose a matrix

gε ∈ GL2(Ẑ) congruent to
(
ε−1 0
0 1

)
modN . The strong approximation theorem for

GL2 implies that every point inY (N) has a representative of the form(z, gε) for
some unique choice ofε; we let this point correspond to the elliptic curveC/〈z,1〉
together with the basis for itsN -torsion given by(εz/N,1/N). We then have an
action of GL2(Z/NZ) onX(N) that sends a matrixg ∈ GL2(Z/NZ) to the map
(g−1)∗ : X(N)→ X(N), whereg is any lifting ofg to GL2(Ẑ); it has the modular
interpretation of preserving the elliptic curve and havingg act on the basis for its
N -torsion on the left.

Note that, in contrast, the action of SL2(Z/NZ) on Xw(N) can’t easily be
defined adelically; this is one reason why one can’t define such an action overQ,
and thus why we find it convenient to use the curvesX(N) rather thanXw(N) at
times. However, with a bit of care it is possible to use the action of GL2(Z/NZ) on
X(N) to extract information about the action of SL2(Z/NZ) onXw(N); we shall
do this in Section 8.

Now we turn to the surfacesX�(N). Definitions similar to the above go through,
where we replaceH × GL2(A∞) by H × H × GL2(A∞)× GL2(A∞) and put in
two copies of everything else. We then recover our surfacesX�(N) and spaces
Sk,�(N) of cusp forms by using the following subgroup:

U�(N) =
{
(g1, g2) ∈ GL2(Ẑ)× GL2(Ẑ)

∣∣∣ g1 ≡ g2 (modN)
}
.
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Using these definitions, we easily see that that, as claimed,

X�(N) = GL2(Z/NZ)\(X(N)×X(N)),

where GL2(Z/NZ) acts diagonally with the action given above.
In contrast with this situation, there doesnot exist a subgroupU�,ε(N) that

would allow us to defineX�,ε(N) in the same way; this explains why we could-
n’t naturally define a Hecke operatorTn1,n2 acting onX�,ε(N) unlessn1 ≡ n2
(modN). Of course, it isn’t hard to see which points onX�(N) are onX�,ε(N)
for someε: they are the points that have a representative of the form(z1, z2, g1, g2)

with gi ∈ GL2(Ẑ) and with detg1 ≡ ε detg2 (modN). And if we are given
f ∈ Sk(U�(N)) = Sk,�(N), we can recoverfε from it by letting fε(z1, z2) =
f(z1, z2,1, gε).

The above definitions of Hecke operators also pass over immediately to our
situation; in particular, one can check that the operatorsTp1,p2 defined in Section 4
(for (pi, N) = 1) can be thought ofTp1 × Tp2, where eachTpi is an operator
onX(N) and the product descends toX�(N). Similarly, 〈p〉 is 1× Sp (again for
(p,N) = 1; note thatSp×1 is〈p−1〉).We shall sketch a proof of a similar statement
in Lemma 8.1 below.

8. The case of prime level

In this section, we discuss facts that are special to the case of weight(2,2) forms
on prime level. The main fact here is that we can ignore Fourier coefficients that are
multiples ofp, as stated in Proposition 2.4; this in turn implies that certain spaces of
cusp forms are free of rank one over their Hecke algebras, as stated in Corollaries 4.3
and 5.1. In the rest of this section, we shall present some general calculations that
lead us towards methods for calculating the spacesS(2,2)(��,ε(p)); in the next
Section, we shall give some explicit constructions of forms.

Since

S(2,2)(��,ε(p)) � (S2(�w(p))⊗ S2(�w(p)))
SL2(Z/pZ),

to understandS(2,2)(��,ε(p)) we should understand the representation theory of
SL2(Z/pZ) on S2(�w(p)). Since

(−1 0
0 −1

)
acts trivially onS2(�w(p)), we can

look at the representation theory of PSL2(Fp) instead. We shall start by considering
arbitrary weights and levels, and adding the assumptions of weight 2 and levelp

as it becomes convenient.
The basic fact about representations of groups on spaces of cusp forms is the

Strong Multiplicity One Theorem. This tells us how to pick out the irreducible
representations of GL2(A∞) that are contained inSk(C): they are just the Hecke
eigenspaces. TakingU(N)-invariants, this breaks upSk(U(N)) into a sum of rep-
resentations of GL2(Z/NZ), one per eigenspace. (Of course, these smaller rep-
resentations may not be irreducible as representations of GL2(Z/NZ).) Thus, we
wish to understand the eigenspaces ofSk(U(N)).
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First we recall that

(
N 0
0 1

)−1

�w(N)

(
N 0
0 1

)
⊃ �1(N

2). This allows us to pass

from forms onXw(N) to forms onX1(N
2): the image ofSk(�w(N)) under the

action of
(
N 0
0 1

)
is the direct sum of the spacesSk(�0(N

2), χ)whereχ is a character

on (Z/NZ)∗. A form f = ∑
cmq

m, whereq = e2π
√−1z/N , gets sent to a form

with the same Fourier expansion except thatq is now equal toe2π
√−1z. Further-

more, ifψ is a character on(Z/NZ)∗ then the formfψ , which is defined to have
Fourier expansion

∑
cmψ(m)q

m, is still a form inSk(�w(N)), by Shimura [12],
Proposition 3.64.

We now try to produce forms contained inSk(U(N)). A form f ∈ Sk(U(N)) is
a function fromH × GL2(A∞) toC with those properties listed in Section 7; it then
follows easily that if, forε ∈ (Z/NZ)∗, we definefε by settingfε(z) = f(z, gε)

(wheregε is a matrix in GL2(Ẑ) that is congruent to
(
ε−1 0
0 1

)
modN ) then each of

thefε ’s is a form inSk(�w(N)). By the Strong Approximation Theorem, a choice
of suchfε ’s determinesf uniquely. Thus, we can think of forms onSk(U(N)) as
φ(N)-tuples of forms onSk(�w(N)).

This allows us to determine the Hecke eigenspaces inSk(U(N)). The dimension
of Sk(U(N)) is φ(N) times the dimension ofSk(�w(N)), so the hope is that each
eigenform onSk(�w(N)) will somehow give usφ(N) different eigenforms on
Sk(U(N)). This is indeed what happens, as we shall see in Proposition 8.1:

Lemma 8.1. Let f be an element of Sk(U(N)) and let q be a prime not dividing
N . Then, for all ε ∈ (Z/NZ)∗, (Tq f)ε = Tq(fεq) and (Sq f)ε = Sq(fεq2). (In
both equalities, the operators on the left hand side of the equations are the adelic
operators mentioned in Sect. 7 while the operators on the right hand side of the
equation are the classical operators.)

Proof. Let.q be theU(N)-double coset defining the adelic operatorTq , and let
.q = ∐

i δiU(N). Then, up to an appropriate normalizing constant,(Tq f)ε(z) =∑
i f(z, gεδi). But det(gεδi) = q−1ε−1; by the Strong Approximation Theorem,

we can therefore writegεδi asδ′igqεui for someδ′i ∈ GL+
2 (Q) andui ∈ U(N).

But f is invariant by right multiplication byU(N), and multiplyinggqε on the left
by an elementδ′i of GL+

2 (Q) has the effect of replacingfqε by fqε |(δ′i )−1. One then

checks that(δ′i )−1 is contained ingqε.−1
q g

−1
ε , and that this is the�(N)-double

coset defining the classical Hecke operatorTq . The proof for theSq ’s is similar. ��
Corollary 8.1. Let g ∈ Sk(�w(N)) be an eigenform, with eigenvalues {aq, χ(q)}
(for Tq and Sq respectively, as q varies over primes not dividing N ). Let ψ be a
character of (Z/NZ)∗. Then the form f(g, ψ) ∈ Sk(U(N)) defined by f(g, ψ)ε =
ψ(ε)g is an eigenform with eigenvalues {ψ(q)aq, ψ2(q)χ(q)}.
Proof. Write f for f(g, ψ). By the Lemma,

(Tq f)ε = Tq(fεq) = Tq(ψ(εq)g)
= ψ(q)ψ(ε)aqg = ψ(q)aq fε .

The calculation forSq proceeds in exactly the same manner.��
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This allows us to produce a basis of eigenforms forSk(U(N)) in terms of a
basis of eigenforms forSk(�w(N)):

Proposition 8.1. Let {gj } be a basis of eigenforms for Sk(�w(N)). Then the set of
forms {f(gj , ψ)}, as gj varies over elements of the basis and ψ varies over char-
acters of (Z/NZ)∗, give a basis of eigenforms for Sk(U(N)). Every set {aq, χ(q)}
of eigenvalues for Tq and Sq (as q runs over primes not dividing N ) that occurs in
Sk(U(N)) occurs in Sk(�w(N)). A basis for the set of eigenforms in Sk(U(N))with
eigenvalues {aq, χ(q)} is given by taking the forms f(g, ψ)whereψ varies over the
characters of (Z/NZ)∗ and where, once ψ is fixed, g varies over a basis for those
eigenforms in Sk(�w(N)) which have eigenvalues {aqψ−1(q), χ(q)ψ−2(q)}.
Proof. Assume that we have an expression of linear dependence involving the forms
f(gj , ψ). Looking at the first coordinate, the fact that the forms{gj } form a basis
for Sk(�w(N)) implies that we can assume that our relation involves only forms
f(g, ψ) for some fixed formg. But those forms are linearly independent since
characters are linearly independent. This gives usφ(N) · dimSk(�w(N)) forms;
but that’s the dimension ofSk(U(N)), so those forms give a basis forSk(U(N))
that consists of eigenforms.

Every set of eigenvalues onSk(U(N)) can therefore be written in the form
{ψ(q)aq, ψ2(q)χ(q)}, where{aq, χ(q)} is the set of eigenvalues of a formg ∈
Sk(�w(N)), by Corollary 8.1. But those are the eigenvalues ofgψ , which is also
an eigenform inSk(�w(N)). The last statement of the Proposition follows in a
similarly direct manner from the first paragraph of the proof and Corollary 8.1.��

To restate the last sentence of the above Proposition: assume thatg is a new-
form in Sk(�w(N)) with eigenvalues{ap, χ(p)}, where by “newform” we mean
thatg|(N 0

0 1

) ∈ Sk(�1(N
2)) is a newform. A basis for the space of eigenforms in

Sk(U(N)) with those eigenvalues is given by the formsf(gψ−1, ψ) together with
the formsf(h, ψ) whereh runs over oldforms with the same eigenvalues asgψ−1.

Let us now fixk = 2 andN = p prime. We may assume thatp > 5, since
S2(�w(p)) is zero otherwise. Pick a setA = {aq, χ(q)} of eigenvalues. Letg ∈
S2(�w(p))be a newform with those eigenvalues; we wish to calculate the dimension
of the spaceSA of forms inS2(U(p)) with eigenvaluesA. For each characterψ ,
we can produce an element ofSA all of whose components are multiples ofgψ−1;
this gives us(p−1) forms. Furthermore, whengψ−1 is an oldform, we can produce
extra forms. SinceS2(�(1)) is zero, we can produce at most one extra form for each
ψ this way: this happens when the eigenvalues{aqψ−1(q), χ(q)ψ−2(q)} occur in
S2(�1(p)).

For how manyψ does an extra form arise in this way? By the Strong Multiplic-
ity One Theorem, studyingSA reduces to the study of irreducible representations of
GL2(A∞) and theirU(p)-invariants. Factoring those representations, we have to
study irreducible representations of GL2(Qq) and theirU(p)q -invariants. Ifq  = p
thenU(p)q = GL2(Zq); since the space of GL2(Zq) invariants of an irreducible
representation of GL2(Qq) is either zero- or one-dimensional, we can therefore
concentrate on the irreducible representations of GL2(Qp), and in particular cal-
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culating the dimension of theirU(p)p-invariants, where

U(p)p =
{
g ∈ GL2(Zp)

∣∣∣∣ g ≡
(

1 0
0 1

)
(mod p)

}
.

Irreducible representations of GL2(Qp) can be classified asprincipal series, spe-
cial, orsupercuspidal. If the space ofU(p)p-invariants is nonzero then it is(p+1)-,
p-, or (p−1)-dimensional, depending on which classification it falls into; thus, we
have two, one, or no extra dimensions of oldforms arising in the principal series,
special, and supercuspidal cases, respectively.

Let us now turn towards the spaceS2(�w(p)). The group PSL2(Fp) acts on
this space; we wish to determine its irreducible representations. Since this action
is not given adelically, we can’t just apply the theory of irreducible GL2(A∞)-
representations and the Strong Multiplicity One Theorem to get the answer. How-
ever, we can use the adelic action to get information about this representation as
follows: letg be an element ofS2(�w(p)) and letf be an element ofS2(U(p)) such
thatf1 = g. Let γ be an element of PSL2(Fp) and letγ be an element of SL2(Zp)
projecting to it. Thenγ sendsg to (γ−1∗ f)1, as can be seen by tracing through
the definitions. In particular, we get representations of PSL2(Fp) onS2(�w(p)) by
projecting the representations given in the previous paragraphs down to their first
coordinate.

The map fromS2(U(p)) to S2(�w(p)) sendingf to f1 is injective unless there
is aψ such thatg = gψ , by Proposition 8.1, i.e. unlessg is a CM-form, in which
case all of the forms in the representation are CM-forms, and the dimension of
the representation inS2(�w(p)) is half of the dimension of the representation in
S2(U(p)). Thus, we have decomposedS2(�w(p))as a direct sum of representations
that are either of dimensionp − 1,p, p + 1, (p − 1)/2, or(p + 1)/2.

These representations may not be irreducible, however. Most of the time, they
do turn out to be irreducible; we can see this by looking at the character table of
PSL2(Fp). (See Fulton and Harris [2], §5.2, for example.) The dimensions of the
irreducible representations of PSL2(Fp) are 1,p−1,p,p+1, and either(p−1)/2
(if p ≡ 3 (mod 4)) or (p + 1)/2 (if p ≡ 1 (mod 4)). Furthermore, the only one-
dimensional representation of PSL2(Fp) is the trivial one, which doesn’t occur in
S2(�w(p)) (since that would be equivalent to having a form that is invariant under
PSL2(Fp), i.e. a form inS2(�(1))). There are no 2-dimensional representations,
either, so by comparing dimensions, we see that the representations that we have
constructed above are either irreducible or the direct sum of two representations of
dimension(p − 1)/2 or (p + 1)/2.

We wish to see how dimS(2,2)(��,ε(p)) varies as a function ofε. Writeχw(p)
for the character ofS2(�w(p)), considered as a representation of PSL2(Fp). Then

dimS(2,2)(��,ε(p)) = dim(S2(�w(p))⊗ S2(�w(p)) ◦ θε)PSL2(Fp)

= 〈χw(p)⊗ χw(p) ◦ θε,1〉
=

〈
χw(p), χw(p) ◦ θε

〉
.

(Here, θε is the automorphism of PSL2(Fp) given at the beginning of Sect. 2.
Assume thatS2(�w(p)) has

⊕
i R

⊕ni
i as its decomposition into a sum of irreducible
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representations. Then, by the above,

dimS(2,2)(��,ε(p)) =
∑
i,j

Ri�Rj ◦θε

ninj .

Now assume thatp ≡ 1 (mod 4). Examining the character table of PSL2(Fp),
we see thatRi � Ri for all Ri and thatRi � Ri ◦ θε for all ε unlessRi � W ′ or
W ′′, whereW ′ andW ′′ are the irreducible representations of dimension(p+1)/2.
In this latter case, composing withθε switchesW ′ andW ′′ if ε is not a square. Now
assume thatW ′ occursn′ times in the decomposition ofS2(�w(p)) andW ′′ occurs
n′′ times. Then, ifε1 is a square andε2 isn’t, the above discussion shows that

dimS(2,2)(��,ε1(p))− dimS(2,2)(��,ε2(p)) = n′2 + n′′2 − 2n′n′′

= (n′ − n′′)2.
This is a bit misleading, however, because in this casen′ andn′′ are equal, so the

dimension ofS(2,2)(��,ε(p)) is the same for allε. We can see this by calculatingn′
andn′′ using Ligozat [9], Proposition III.1.3.2.1: the characters ofW ′ andW ′′ only
differ in matrices that are conjugate to

(
1 ∗
0 1

)
, and the only place that such matrices

occur in the formula given there is in the term
∑
a mod p χ(

(
1 a
0 1

)
), which equals

p both forχ = χW ′ andχ = χW ′′ .
As a corollary, this implies that there are no CM-forms inS2(�w(p)) for p ≡ 1

(mod 4). For if there were such a formg, it would generate an irreducible represen-
tationRg ⊂ S2(�w(p)), all of whose elements would be CM-forms; there would
then be a form inRg ⊗ (Rg ◦ θ−1) that is invariant under PSL2(Fp). But such a
form would be a CM-form inS(2,2)(��,−1(p)), so Theorem 6.1 would then imply
that the dimension ofS(2,2)(��,ε(p)) for ε a non-square is strictly smaller than the
dimension ofS(2,2)(��,−1(p)), contradicting our calculations above.

Let us now turn to the case wherep ≡ 3 (mod 4). This time,Ri � Ri unless
Ri � X′ orX′′, whereX′ andX′′ are the irreducible representations of dimension
(p − 1)/2; X′ � X′′ and vice-versa. Similarly,Ri ◦ θε � Ri unlessRi � X′ or
X′′ andε is not a square modp; if it is, X′ ◦ θε � X′′ and vice-versa. Thus, ifX′
occursn′ times andX′′ occursn′′ times in the decomposition ofS2(�w(p)),

dimS(2,2)(��,ε1(p))− dimS(2,2)(��,ε2(p)) = 2n′n′′ − (n′2 + n′′2)
= −(n′ − n′′)2,

whereε1 is a square modp andε2 isn’t. Since−1 is not a square, the dimension is
maximized whenε = −1, agreeing with Corollary 5.4.

This time, however,n′ − n′′ is non-zero. We can’t calculate it as easily as we
calculated it in the previous case, because the method used there calculates the
number of times a representation occurs plus the number of times that its complex
conjugate occurs, and here the character is no longer totally real. Instead, we refer
to Hecke [4], where he proves that the difference is equal to the class numberh(−p)
of Q(

√−p). Thus,

dimS(2,2)(��,−1(p))− dimS(2,2)(��,1(p)) = h(−p)2.
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This implies that there are exactlyh(−p) · (p − 1)/2 CM-forms contained in
S2(�w(p)); they have been constructed by Hecke in [3]. We shall review his con-
struction in Sect. 9, and use them to write down the Hecke kernelK�(p) explicitly.
We shall also show how to use the theory outlined in this Section to perform explicit
calculations of spacesS(2,2)(��,ε(p)) for small primes.

To recap:

Theorem 8.1. If p is a prime congruent to 1 mod 4 then there are no CM-forms
contained in S2(�w(p)) and the Hecke kernelK�(p) is zero. If p > 3 is congruent
to 3 mod4 then there are h(−p) ·(p−1)/2 CM-forms contained in S2(�w(p)) and
K�(p) has dimension (h(−p))2, where h(−p) is the class number of Q(

√−p).

9. Examples

X�,−1(7)

The firstX�,ε(p) to have a non-zero(2,2)-cusp form isX�,−1(7), as can be seen
by looking at Table 1 in Kani and Schanz [7] (and using Corollary 2.2 above); in
fact, we see that dimS(2,2)(��,−1(7)) = 1. We can explicitly determine a non-zero
form in this space as follows:

Conjugating�w(7) by
(

7 0
0 1

)
, we can think ofXw(7) as lying between the curves

X0(49) andX1(49). The former is an elliptic curve (after choosing a base point);
its L-series gives rise to a weight two cusp form

f (z) =
∑
m>0

cmq
m

onX0(49) andXw(7). (Here,q = e2π
√−1z if we are thinking off as a form on

X0(49) andq = e2π
√−1z/7 if we are thinking off as a form onXw(7).) If χ is a

non-trivial character on(Z/7Z)∗ such thatχ(−1) = 1 then the functions

fχ(z) =
∑
m>0

cmχ(m)q
m

and

fχ2(z) =
∑
m>0

cmχ
2(m)qm

are also modular forms inS2(�w(7)), by Shimura [12], Proposition 3.64; since the
latter space is three-dimensional,{f, fχ , fχ2} forms a basis for it. Forn ∈ (Z/7Z)∗,
we havefχ |σa = χ2(a)fχ andfχ2|σa = χ(a)fχ2.

To produce an element ofS(2,2)(��,−1(7)), we have to find a form contained
in S2(�w(7)) ⊗ S2(�w(7)) that is fixed by PSL2(F7) (acting on the second factor
via θ−1). For our form to be fixed by the matrices(σa, σa), it has to be of the form

a0 · f ⊗ f + a1 · fχ ⊗ fχ2 + a2 · fχ2 ⊗ fχ .
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And for our form to be fixed by the matrix
((

1 −1
0 1

)
,
(

1 1
0 1

))
, we must havea0 =

a1 = a2. However, those constraints leave us with only a one-dimensional space of
possible cusp forms, and sinceS(2,2)(��,−1(7)) is non-empty, we see that it must
be generated by the form

g = 1

3
(f ⊗ f + fχ ⊗ fχ2 + fχ2 ⊗ fχ) =

∑
m1≡m2(mod 7)

cm1cm2q
m1
1 q

m2
2 ,

where theci ’s are the coefficients off as above.
Now that we’ve got our formg in hand, we’d like to relate it to some of our

general theorems about forms inSk(��,ε(N)). Note thatg has lots of Fourier
coefficients that are zero: not only iscm1,m2(g) zero unlessm1 ≡ m2 (mod 7), but
it’s also zero unless themi ’s are squares mod 7. (This follows from the fact that the
elliptic curveX0(49) has complex multiplication byQ(

√−7).) By Proposition 6.1,
our form is therefore inK�(7); indeed,S(2,2)(��,1(7)) is trivial.

X�,−1(p) for p ≡ 3 (mod 4)

The above may look like a general recipe for producing forms onX�,ε(p) out
of forms onX0(p

2), but it isn’t. To see why, note that the transition involved
two steps: matching up characters, which involved checking invariance under the
matrices(σa, σa), and making sure that certain Fourier coefficients were zero, which

involved checking invariance under the matrices
((

1 ε
0 1

)
,
(

1 1
0 1

))
. Thus, we checked

that our putative form is invariant under the subgroupB(p) of upper-triangular
matrices, not all of PSL2(Fp). The reason why we could get away with that above
was that we knew a lot aboutS2(�w(7)) and that the dimension ofS(2,2)(��,−1(7))
was 1.

Fortunately, all is not lost for more generalp. LetR1 andR2 be irreducible rep-
resentations occurring inS2(�w(p)). As the discussion in Sect. 8 showed,R1⊗R2
contributes 1 to the dimension ofS(2,2)(��,ε(p)) iff R1 = R2 ◦ θε . Now, assume
that that is indeed the case, and that, furthermore,R1 is irreducible as a represen-
tation ofB(p). Writing χi for the character ofRi , it will then also be the case
that 〈

χ1 · (χ2 ◦ θε),1B(p)
〉
B(p)

= 〈
χ1, χ2 ◦ θε

〉
B(p)

= 1.

But this says that there’s only a one-dimensional space of vectors inR1⊗R2 that is
fixed byB(p), and since there is also a one-dimensional space of vectors inR1⊗R2
that is fixed by PSL2(Fp), they must be the same space. Thus, under the hypothesis
that our representation is irreducible when considered as a representation ofB(p),
we can test to see whether an element ofR1⊗R2 is a cusp form onX�,ε(p) simply

by making sure that it is invariant under(σn, σn) and
((

1 1
0 1

)
,
(

1 ε
0 1

))
.

To make this concrete, assume thatp is congruent to 3(mod 4) but not equal
to 3 and thatε = −1. In this case, the representationsX′ andX′′ of PSL2(Fp)
remain irreducible when restricted toB(p). Thus, if we can produce representations
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isomorphic toX′ orX′′ inS2(�w(p)), we’ll be able to explicitly write down forms in
S(2,2)(��,−1(p)). We saw that there should beh(−p) such representations coming
from CM-forms; they would be good ones to look for.

Fortunately, those representations are produced in Hecke [3]. They are defined
as follows: letI be an integral ideal inQ(

√−p) with normA and letρ be an
element ofI . We define a theta series as follows:

θH (z; ρ, I,√−p) =
∑
µ∈I

µ≡ρ(modI
√−p)

µe
2π

√−1z µµ
pA ,

whereµ is the complex conjugate ofµ. LettingVI be the vector space generated by
the functionsθH (z; ρ, I,√−p) for ρ ∈ I , the results of Hecke [3], §7 show thatVI
only depends on the ideal class ofI , that theseθH ’s are elements ofS2(�w(p)), and
thatVI is a representation of PSL2(Fp) isomorphic toX′. This gives us our desired
h(−p) different copies ofX′. (These eigenforms are also discussed in Ribet [10],
§3 as being eigenforms associated to Grössencharacters.)

Now that we have our representations, we follow the same program as in the
X�,−1(7) case:

Theorem 9.1. Let p be a prime congruent to 3 mod 4. For each ideal class of
Q(

√−p), fix an integral ideal I in that class and an element αI of I that’s not
contained in I

√−p. Let

fI =
∑

a∈(Z/pZ)∗
θH (z; a

(
a

p

)
αI , I,

√−p)

have the Fourier expansion

fI (z) =
∑
m>0

cI,mq
m,

where q = e2π
√−1z/p. If I1 and I2 are (not necessarily distinct) ideal classes then

the function

fI1,I2(z1, z2) =
∑

m1≡m2(modp)

cI1,m1cI2,m2q
m1
1 q

m2
2 .

is an element of S(2,2)(��,−1(p)) contained in K�(p); furthermore, the fI1,I2’s
give a basis for K�(p) as I1 and I2 vary over the ideal classes of Q(

√−p).
Proof. The same argument as in thep = 7 case shows that multiples offI1,I2 are
the only elements ofVI1 ⊗VI2 invariant underB(p), so they are indeed elements of
S(2,2)(��,ε(p)). Assuming that we can show that they are inK�(p), Theorem 8.1
shows that they give us a basis. Thus, by Theorem 6.1, we just have to verify that
the formsfI are CM-forms.
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This can be seen as follows: by definition,

cm(θH (z; ρ, I,√−p)) =
∑
µ∈I

µ≡ρ(modI
√−p)

µµ=mA

µ,

whereA is the norm ofI Butµµ is a square modp for all µ in the ring of integers
of Q(

√−p), as isA, socm is zero unlessm is a square modp. Thus,fI is invariant
under twisting by the quadratic character of(Z/pZ)∗, hence a CM-form. ��
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