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Abstract. We study the moduli surface for pairs of elliptic curves together with an isomor-
phism between theiN-torsion groups. The Weil pairing gives a “determinant” map from

this moduli surface tqZ/NZ)*; its fibers are the components of the surface. We define
spaces of modular forms on these components and Hecke correspondences between them,
and study how those spaces of modular forms behave as modules for the Hecke algebra.
We discover that the component with determinadtis somehow the “dominant” one; we
characterize the difference between its spaces of modular forms and the spaces of modular
forms on the other components using forms with complex multiplication. In addition, we
prove Atkin—Lehner-style results about these spaces of modular forms. Finally, we show
some simplifications that arise whéhis prime, including a complete determination of such
CM-forms, and give numerical examples.

1. Introduction

If R is the ring of integers in a totally real number field, one can consider the
Hilbert modular variety associated & which parameterizes abelian varieties of
dimension[R : Z] together with a map fronR into their endomorphism ring.
This modular variety is disconnected; its components correspond to polarization
types, and are indexed by elements of the narrow class groRp@fe can define
spaces of modular forms associated to the modular variety and to its components;
the former are adelic in nature, while the latter are more classical.

In this paper, we consider a variant of the above situation, where we replace
R by the ordern(Z x Z)—(v) that consists of pairs of integers that are congruent
mod N. Thus, we replace our totally real number field by the totally real “number
algebra’Q x Q, and in addition consider a non-maximal order rather than the full
ring of integers. As in the traditional situation, one can associate a modular variety
to this situation, and study its components, which are indexe@bywZ)*; this
has been done in Hermann [5] and Kani and Schanz [7]. One can also define spaces
of classical and adelic modular forms, which we do in this paper.

These “degenerate” Hilbert modular varieties and modular forms should have
properties very similar to those of traditional Hilbert modular varieties and modular
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forms. However, they can also be related to modular curves and elliptic modular
forms, which have been the subject of extensive study. For example, these surfaces
have an interpretation as moduli spaces for pairs of elliptic curves with isomorphic
N-torsion, and can be constructed as a quotiet@¥) x X (N). Thus, we expect

them to be a particularly suitable test ground for exploring properties of Hilbert
modular surfaces and modular forms. We expect the generalization to the case
whereR is an order in a product of ring of integers of totally real number fields to

be of interest as well: for exampl®,might be the Hecke algebiig(N) associated

to the modular curv&(o(N).

One such new property, which is the main goal of this paper, involves studying
how these components of the degenerate Hilbert modular variety vary. It is easy to
see that two components whose index differs by a square are isomorphic, but there
is no reason why other components should be isomorphic. Indeed, Hermann has
shown that, for example, iV = 7 then the component indexed by 1 is a rational
surface and the component indexed-tlyis a K3 surface; similarly, iN = 11, the
component indexed by 1 is an elliptic surface and the component indexedl tsy
of general type. As Kani and Schanz noted, this change in geometric complexity is
reflected by the geometric genera of the components.

These geometric genera can be studied via modular forms. Thus, in Sect. 2,
we define spaces of modular forms associated to these surfaces; we also use new
techniques to prove an Atkin—Lehner-style result about how these spaces are related
under change of level. In Sects. 3 and 4, we define Hecke algebras associated to
these spaces; we prove multiplicity one theorems for the action of these Hecke
algebras in Sects. 4 and 5. We also show in Sect. 5 tha¥] foted, the component
indexed by—1 always has the largest geometric genus of any of the components.
The geometric genus of a component is the dimension of a suitable space of cusp
forms of weight(2, 2); we exhibit this difference in genera as the dimension of a
certain special subspace of the space of cusp forms on theurface, which we
call theHecke kernel since it can be seen as the intersection of the kernels of certain
Hecke operators. In Sect. 6, we give an alternative characterization of the Hecke
kernel as forms with complex multiplication. Finally, we give an explicit formula
for the difference of geometric genera wh&hnis prime in Sect. 8, and give an
explicit construction of the forms in the Hecke kernel when the weigt# i2) and
N is prime in Sect. 9.

2. Basic definitions

Let X,,(N) be the curve ove€ parameterizing elliptic curves together with a
basis for theirN-torsion that maps to some specifi@th root of unity under the
Weil pairing? Itis Galois over the curvé,, (1) with group Slo(Z/NZ)/{£1}. Let
SLy(Z/NZ) act on the product surfacé, (N) x X, (N) via the diagonal action;
we can then form the quotient surface, which we shall denot& by(~N). More

1 Thiscurveis traditionally denoted /(N ); however, we have chosen to use the notation
X (N) to denote the (geometrically reducible) curve coming from the adelickhpdncipal
congruence subgroup, and have changed all notation accordingly.
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generally, ife is an element ofZ/NZ)* and if SLy(Z/NZ) acts on the first factor
via the natural action but on the second factor via the automorphism

o (@ b (@ )
< \cd ec d
then we denote the quotient surfaceXy (N). And we set

X-(Ny= [] X=eV).
€c(Z/NZ)*
These surfaces can also be constructed in another fashion, as degenerate Hilbert
modular surfaces: ley be the upper half plane, with(1) = SL»(Z) acting on
it via fractional linear transformations. Théh(1) x I'(1) acts on$) x $; if we
denote byl'~ ((N) the subgroup of (1) x I'(1) given by

=a (mod N),

ai
a1 by a2 by by =¢bp (ModN),
c1dr) \c2do €c1L=c2 (mod N),
d1=dy (mod N)

then the quotienf~ (N)\$ x $ is an open subset &f~ . (N), and if we denote
by $* the space | [ P1(Q) thenl'~ (N)\$H* x H* is all of X~ ((N).

The surfaceX~ (N) (or, more properly, the open subset given by using $
instead ofH* x $H*) is a coarse moduli space for isomorphism classes of triples
(E1, E2, ¢) where theE;’s are elliptic curves and is an isomorphism fronk'1[ N ]
to Eo[N] such thatr2¢ raises the Weil pairing to the-th power; cf. Kani and
Schanz [7], p. 339. The modular parameterization is given on points as follows:
let (71, T2) € $H x $ and letE; be the elliptic curve given by the lattice with basis
{1, 7;}. Also, lete be an integer that reducesdanod N. We then have the map
from E1[N]to Eo[N]that sends;/N toetp/N and ¥ N to 1/ N; it raises the Weil
pairing to thee-th power, the group of elements bf{1) x I'(1) that preservep
is the subgrouf’~ (V) defined above, and every tripl€1, E2, ¢) arises in this
fashion.

The structure of th&X~ (N)’s as complex surfaces has been studied by Her-
mann in [5] and by Kani and Schanz in [7]; oMk . (N) is Hermann'sty, -1 and
Kani and Schanz’SZN,e_l.2 In particular, Kani and Schanz give explicit formulas
and tables computing various invariants of ftie . (NV)’s, such as the dimensions
of various cohomology groups. They also give explicit minimal desingularizations
of the surfaces.

We now define spaces of modular forms on these surfaces. Thuys,beta
holomorphic function orf) x $; let y = (y1, y2) be an element of G}'_(R) X
GLJ (R), where GLJ (R) is the set of elements of GLR) with positive determi-
nant; and lett = (k1, k) be a pair of natural numbers. We define the function
fley:HxH—> C by

Fliy (21, 22) = F(1z0), v2(z2))j (y1, 20) ¥ (2, 22) 7%

2 We replaced their by e ~1 to simplify the normalizations givenin Sect. 7; Since ¢ (N)
andX:yG_l(N) are isomorphic, this is an unimportant change.
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where, ifo = (¢ 4) is an element of GE.(R), theno (z) = (az + b)/(cz +d) and
j(0,2) = (ad — be)"Y?(cz + d). We write f |, instead off |, if k is clear from
context.

Defining I'(1) to be Sly(Z), we say that a subgroup of I'(1) x I'(1) is a
congruence subgroup if it contains the grouf,, (N) x T'y, (N) for someN, where
I'y(N) is defined to be the set of matrices in$E) that are congruent to the
identity modN. A function f: $ x $§ — Cis amodular formfor I of weight & if
flky = fforally e T and if f is holomorphic at the cusps. To explain this latter
condition, assume that,,(N) x I',(N) c T'. Thenf(z1 + N, z2) = f(z1, z2)
for all (z1, z2) € § x $; S0 settingy; = 2"V=L1/N we can write

fe122) =) cn()zay

meZ

for some functions,, (). If ¢, (f) is zero for allm < 0 and if a similar condition
holds if we do a Fourier expansion tp, we say thatf is holomorphic at infinity.
And f is holomorphic at all of the cusps if, for all y € I'(1) x I'(1), flk,, IS
holomorphic at infinity.

A modular form is acusp formif it vanishes at all of the cusps; that is to say, if
whenever we take a Fourier expansionfof ,, in either variable as aboveg( f)
is zero. We denote the space of all modular forms of weldbt I" by M (T"); we
denote the space of all cusp forms $i(I").

If ©' = I'1 x 'z, with eachl’; a congruence subgroup B{1), then there is a
natural map fromVfy, (I'1) ® My, (I'2) t0 M, k) (1 x I'2) which sendsf; ® f>
to the function

(21, 22) = f1(z1) f2(z2).

Furthermore, this map sends cusp forms to cusp forms. Itis in fact an isomorphism
in either the modular form or cusp form case:

Proposition 2.1. If S isasubset of H* or H* x $H* and I" isa congruence subgroup
of '(1) or I'(1) x I'(1), let M (T, S) be the set of formsin M (I") that vanish on
the pointsin S. Then for any congruence subgroups "y and I', of I"(1) and subsets
S1 and S of H*, the natural map

Miy (T'1, §1) ® My (T2, S2) = My k) (T'1 X T2, (S1 x H*) U (H* x $2))
is an isomor phism.

Proof. We prove the Proposition by induction on the difp, (T'1, S1). SetS12 =
(S1 x %) U (H* x S2), and assume that dity, (I'1, S1) is zero. Letf be an
element ofM , x,)(I'1 x T'2, S12). For anyz, € $*, the functionz — f(z, z2) is
an element offy, (I'1, S1), which is therefore zero, sp is the zero function.
Now assume that diniy, ("1, S1) is positive, and let] be an element afy*
such that, setting; = S1 U {z}}, dim My, (I'y, S7) = dim M;, (T, S1) — 1. Let
S1p = (51 X H*) U (H* x S2); writing M; for My, (T;, S;), M1 for M1(I'y, S7), and
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Mi andMi2 for the similar spaces of weiglit1, k2) and levell'1 x 'z, we will
construct a commutative diagram

0—>Mi®M2——>M1®M2 Mo 0
0 —— M, —— M M> 0

with exact rows. This will prove our Proposition: the left vertical arrow is an iso-
morphism, by induction, so the middle one is as well.

The left horizontal arrows are the obvious injections. The right arrow on the top
row sendsf1 ® f2 to f1(z}) f2; the definition ofs; and the choice of; shows that
this makes the top row exact.

Similarly, we define the right arrow on the bottom row by having it sgndthe
function sending to f(z}, z), which is in My, (I"2, S2). This map is surjective: if
we pick a functionf; € My, ("1, S1) such thatf](z) = 1 then we can get a splitting
for this map by sending to the image off; ® f> under the middle vertical arrow.
The exactness of the bottom row then follows immediately from the definitions.
O

Coroallary 2.1. Given any natural numbers k1, k2, and N, we have isomor phisms
My k) (T e (N)) 2 (Mg (T (N)) ® My (T (N)))S2E/ND)
and
Stkpke) (T (N)) = (Sty (T (N)) ® Sy (T (N))S2E/NE),

where SLo(Z/NZ) acts on the first member of the tensor product in the natural
fashion and on the second member via the automor phism 6.

Proof. By Proposition 2.1,

Mgy ko) T (N) x Ty (N)) = (Mg (T (N)) @ My, (' (N)));
that Sl (Z /N Z)-invariants correspond to forms M, i,) (T'~ . (N)) follows from
the definitions. The cusp form case is similar, settfagndsS> in the Proposition

to be equal t°1(Q). O

This allows us to express the dimension of the sgage) ('~ (N)) in terms
of data given in Kani and Schanz [7]:

Corollary 2.2. The dimensions of S22 (I'~(N)) and H?(X~ ¢(N), Ox. .v))
are equal, and they are also equal to the geometric genus of a desingularization of
X~e(N).
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Proof. Writing X for X,,(N), we have the equalities

dim S(2.2)(T~.c (N)) = dim(S2(Ty(N)) ® S2(I'y (N)))S2E/ND
=dim(HY(X, Ox) ® HY(X, Ox))S2@/N2)
=dim H2(X x X, Oxyxyx)S2E/ND
= dim H?(SL2(Z/NZ)\(X x X), OsL\xxx)-

The last equality follows from Kani and Schanz [6], Proposition 2.7; that the right
hand side equals the geometric genus is Kani and Schanz [6], Propositior3.1.

Of course, this isn't too surprising: weight 2 cusp forms should correspond to
holomorphic 2-forms.
If fis amodular form o'~ ((N), it has a Fourier expansion

f(z1,22) = Z le,mz(f)quq?2

mi,m2>0

whereg; = ¢2"V=Li/N There is one thing that we can say immediately about the
Fourier coefficients,, m, (f):

Proposition 2.2. For all f € M, k) (T~ (N)), ¢my,mp(f) = 0O is zero unless
emy +mp =0 (mod N).

Proof. This follows from the fact thaf = f|< ),Wheree is an integer

(69)- (

1)

oRr

congruenttae modN. 0O

Thus, most of the Fourier coefficients are “missing”. This turns out to make it
natural to also study modular forms on the surfacg N), even when we are only
interested in one of the individu&l~ (N)’s; we shall elaborate on this theme in
Sect. 5.

One way to produce forms aXi~ (N) is to consider forms oX~ (N /d) to
be forms onX~ (N), for d a divisor of N. Such forms have Fourier coefficients
Cmq.m» €0ual to zero unless dividesm1 (and henceny, by Proposition 2.2). The
converse is also true:

Proposition 2.3. Let f be a modular form of weight k on I'~ ((N), and assume
that, for some d|N, we have ¢, m,(f) = O unlessd|mj. Then f isan element of
M (T~ (N /d)).

Proof. The fact thatc,,, m,(f) = 0 unlessd|m1 is equivalent to havingf be

invariant unde(((l) MY, (& ‘13)) Thus, we have to show that the smallest subgroup

I containing botl((é Ny (§ 2)) andl'~ ((N) is T~ (N/d). Furthermore, we
can take the quotient by,,(N) x I',(N), and thus consider all matrices to be
elements of Sp(Z/NZ). LettingG = {y € SLo(Z/NZ) | (y, 1) € T'}, we seethat
I' = G x{1}-T'~ (N) and one checks thatis a subgroup if and only i+ is normal.
Thus, we have to show that the smallest normal subgroupaSIN Z) containing
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the matrixzy,q = (5 V]?) is the kernel of the natural map from 8IZ/NZ) to
SLy(Z/(N/d)Z). Furthermore, we can assume tliats a primep, and by the
Chinese remainder theorem we can assumeNhat p! for somel.

First, assume that= 1, so we want to show that the smallest normal subgroup
G of SLa2(Z/pZ) containingry = (§ 1) is the entire group. Conjugating by =
(94), we see that] = (}9) is also inG. But (r))?z; '1{71 = o, ando andry
generate Sp(Z), hence Sk(Z/NZ).

Finally, assume thdt> 1, and that we have a normal subgra@gpontaininge,,
whereq = p'~1. (Note thaty? is zero inZ /p' Z, which greatly simplifies calcula-
tions.) We then have to show th@tcontains all matrices of the for@lf;‘q 1%({)
with determinant 1; this condition on the determinant is equivalent to having
equalto—dinZ/pZ. Butitis easy to produce all such matrices by taking suitable

multiples ofz,, its conjugate by 9 ~!), and its conjugate by§ “71). o
In fact, the following analogue of Atkin—Lehner theory is true:
Theorem 2.1. Let f beamodular formon '~ ((N) such that
Cmymy(f) = 0unless (m;, N) > 1. (2.1)

Then f canbewrittenasasum f = ZP|N fp wherethe p’sarethe primedivisors
of N and f, € Mi(I'~,<(N/p)). Furthermore, if f is a cusp form then the f),’s
can be chosen to be cusp forms.

The proof rests on two elementary linear algebra lemmas:

Lemma2.1. Let V1, ..., V, be vector spaces and, for each i, let f; be an endo-
morphismof V;. Then

ker(fi® @ f) =) V1@ --@Kerfi)®-®V,.
i=1

Proof. We can easily reduce to the case- 2. If we write V; = (ker f;) @ V/ then
fi |v/ is an isomorphism onto its image, and
V1® V2 = ((ker f1) ® (ker f2)) @ ((ker f1) ® V3)
@ (V] ® (ker f2)) & (V] ® Vy).

We see thaif; ® f2 is zero on the first three factors, and is an isomorphism from
the fourth factor onto its image; kefy ® f>) is therefore the sum of the first three
factors, which is what we wanted to showa

Lemma2.2. Let Vi, ..., V, be vector spaces and, for each i, let V/ and V/” be
subspaces of V;. Then
n
(Z"l®"'®"/®“'®"n> NVy®---®V,)
i=1

n
:Zvlﬁ(g’"'®(Vi/ﬁViH)®"'®Vnﬁ~
i=1
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Proof. Again, we can assume that= 2. Write V; = V;1 ® V;2 ® V;3® V;4 where
Vii=V/ OV, V/ =Vi1® Viz,andV/" = Vi1 ® Viz. ThenV; ® Vo + V1 ® V, is
the direct sum of thos¥y; ® Va's Where at least one gfork is in the sef1, 2}.
Also, V{" ® V' is the direct sum of th&;; ® Va's wherej andk are both in the
set{1, 3}. Thus their intersection i8/11 ® V21) ® (V11 ® V23) @ (V13 ® Va1), as
claimed. O

Proof of Theorem 2.1. Let M = M (I'(N)) ® My (I'(N)); it comes with an
action of SIp(Z/NZ) x SLo(Z/NZ). If f € M andd|N, definer,(f) to be
> dimy.my Cma.mz ()q] 11952 Thenmy(f) € M:in fact,

ma(f) = Z f|< Lo/d). (lng/d))'
b1 bo= 0 1
The principle of inclusion and exclusion implies théasatisfies (2.1) if and only
it f =22, n7p(f)— Zpl r2lW Tpipp(f) + -+ . Thus, if V is an irreducible

SLp(Z/NZ) x SLo(Z/NZ)- representatlon contained M, it suffices to prove our
Theorem for a form i/, since the conditions of our Theorem can be expressed in
terms of the action of SZ/NZ).

Let N = []/_, pi" be the prime factorization o. Then Slx(Z/NZ) x
SL2(Z/NZ) ~ []; SL2(Z/p'Z) x SLa(Z/p'Z), soV ~ . V; whereV; is a
representation of S(Z/p'Z) x SL2(Z/p'Z). Also, 7, acts as the identity on the
V; for j #i. So if we define

() =Ff=Y 71+ D Tppf) -
PIN p1,p2|N
p1<p2
thenr = (1-7,)®---® (1—m,,) and kelr) is the space of forms satisfying
(2.1). Thus, Lemma 2.1 implies that

ker(1) = V1® - @ (ker(l— 7,)) ® -+ ® V.

Turning now to the question of a form’s beingMy. (I'~  (N)), that is the case
if and only if the form is both inV; (I'(N)) ® M (I"(N)) and is invariant under the
imageG(N) of '~ «(N) inSLa(Z/NZ) x SLa(Z/NZ).Also,G(N) ~ []; G(pi).
Thus, settingV/ to be kel — ) and V" to be the space o (p;)-invariant
elements ofV;, Lemma 2.2 implies that an element ©f is both in kerr and
invariant undeiG(N) if and only if itis in

n
dYvie - eWnvhe eV, (2.2)
i=1

Butif v; € V; isin V/ N V/ then it is invariant both unde6 (p;) and under

mp;- Thus, each element of the summand in (2.2) corresponds to forms satisfying
the conditions of Proposition 2.3, so that Proposition proves our Theorem in the
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modular form case. The cusp form case is exactly the same, replacing the
space of cusp forms.o

We defineS; (I'~.(N)) to be the quotient o, (I'~ ((N)) by the subgroup
of forms f whose Fourier coefficients satisfy the condition of Theorem 2.1. In
the I'1(N) case, this would have the effect of replacifigl'1(N)) by a space
with the same Hecke eigenspaces but where each eigenspace is one-dimensional,
generated by the newform in that eigenspace; we shall see in Theorem 5.2 that
Hecke eigenspaces K (I~ . (N)) are also one-dimensional. We let

Si~c(N)= P SiT=c(N)),

ce(Z/NZ)*

and we let

S~ = @ Sk~ (V).

€e(Z/NZ)*

Note that in the definitions & ("'~  (N)) andS; ~(N) it's enough to assume that
the Fourier coefficients are zero unldéss;, N) > 1 (or unlesgmy, N) > 1), by
Proposition 2.2.

Proposition 2.4. If p isprimethen the$ac0§5(2,2)(rz,é(p)) andE(zqg)(F:,é(p))
areequal, as are the spaces S2,2) ~(p) and S2,2).~(p).

Proof. We have to show that if is an element of 2)(I'~ ¢ (p)) such that the
Fourier coefficients,,, ., (f) are zero unlesg|m1 then f is zero. Proposition 2.3
implies that such arf is in fact a form onl'~ (1). By Corollary 2.1, f can be
considered to be an elementHiI' (1)) ® S2(I'(1)). But S2(I'(1)) is zero, sof is
zero. O

In fact, this holds for all weighték1, k2) where eaclt; is less than 12.

Proposition 2.5. For all N > 0,

dim (M~ « (N) = Y dim Sg (T~ ¢ (d)).
d|N

Proof. If, foreachd|N,we chooseamag : Sy(T'~ (d)) — Sk(T'~.(d)) splitting

the projection fromS; (I~ ¢(d)) to Sx(I'~.(d)), and if we letz; be the natural
inclusion of Sy ('~ ¢ (d)) into Sx(I'~ ¢ (N)), then Theorem 2.1 shows that the map

O ta) o @ sa): @ Sk(T~.e(d) — Sk (N~ (N))

d|N dIN d|N

is an isomorphism of vector spacesa
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3. Heckeoperatorson X~ ¢(N)

Set

aj, bi,ci,d € Z,
a,'d,' —b,’Ci > 0,

(ajd; — bici, N) =1,
A*:,G(N) = <<i1 Z]'), <ZZ ZZ)> a1 = az (mod N),
14 242 b1 =eby (modN),
€c1=c2 (mod N),

d1=do (mod N)

This is a semigroup: we prove a more general property at the beginning of Sect. 4.
We can partitiomA* . (N) into doublel'~ . (N)-cosets; each double coset is called
aHecke operator. They act on the spaces of modular forms as follows:

Lety = (y1, y2) be an element oAX (N), and let

Pee(N)yTae(N) = [ [T= e (N)y;
J

be a decomposition of the double coset generategt liyto left cosets. As we
shall see in Proposition 3.1, this decomposition is finite. Thelf, i§ a form in
M. k) (T~ e (N)), we define

Fltka k). T e Ny T () = detiyn) ©/2 71 det(y) 271N " £l o
j

We see as in Shimura [12], Chapter 3, tfad, ,).r~.v)yr-.v) is an element
of the spacé, r,)(I'~ (N)), that cusp forms are transformed into cusp forms,
and that the product of two Hecke operators is a sum of Hecke operators.

Let 73, ,, be the operator given by the sum of the double cosets containing
elementqy1, y2) where dety;) = n;. This is zero unless; = n» (mod N) and
(n;, N) = 1. Left coset representatives for it are given as follows:

Proposition 3.1. Let (n1, n2) beapair of positive integers that are congruent mod
N and that are relatively prime to N. The set of elements of AX _(N) that have
determinant (n1, n2) then has the following left coset decomposition:

ay biN az boN
LI recon(on( ) (82
ay,az>0

a,-d,- =n;
0<b; <d;

where, for a € (Z/N2)*, o, isany matrix in I"(1) that is congruent to (aal 2)
modN.
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Proof. First, note that the above cosets do indeed occi,in,. Also, itis easy to
see that the above cosets are disjoint. Thus, we have to show that the cosets cover
all of T, 4.

Let (31, 62) be an element oAX  (N) whose determinant ign;, nz). By
Shimura [12], Proposition 3.36, we can multi@ly on the left by an element of

I'(1) to get it into the form("o1 Zi) with a1 > 0, a1dy = n1, and 0< by < dy.

Subsequently multiplying it on the left by an element of the fdrdr ) will put

it into the form (“01 PN ) but possibly with a differenb;. (We can still forceby

to be in the range G< b1 < d1, however.) And since,, is an element of" (1),
we have shown that there is an elemenof I'(1) such thaty151 is of the form
a1 biN
o (% 31).
We can choose an elementof I'(1) such that(y1, y2) is in '~ ((N): reduce
y1 mod N, apply 6, to it, and lift it back toI'(1). Multiplying (1, 62) on the
left by (y1, ¥2), we can thus assume thitis of the formaal<"o1 bﬂlliv). But then

the congruence relations forég to be congruent to the matrigg,2 ) = (§,2)
(mod N).

Now that we have fixed; to be of the correct form, we still have to forég
to be of the correct form, and we are only allowed to multipdyon the left by
elements of",,(N). Thus, we need to find an eleme#tof I',,(N) such thaty;8>

is of the formcxaz(“o2 bfév). However g, is in what Shimura calld\” in [12], p. 68,

so we can indeed find suchyg by Proposition 3.36 of Shimura [12].0
The action of the Hecke operatdfs, ., descends to the spac&s(I'~  (N)):

Proposition 3.2. If f isaformin Sx(I'~ «(N)) such that ¢, m,(f) = 0 unless
(N, m;) > 1then T, ,, f hasthe same property for all n1 = no (mod N).

Proof. This follows from Theorem 2.1. O

Proposition 3.3. For all (81, 82) € AL .(N),theT'~ . (N)-double cosetsgenerated
by (81, 62) and (87, 65) are equal, where

(o =(4)

Proof. We need to find matrice§/1, y2) and (y;, ;) in '~ «(N) such that, for

i €{1,2},yé =6 yl./. Sincesd; andé$; have the same elementary divisors, we can
choose &1 andy; that give us equality on the first coordinate. Now pjglandy,
such that(y1, y2) and(yy, y,) are inT'~ ((N). Thenyz82 = 85y, (mod N). But

by Shimura [12], Lemma 3.29(1), we can then chapgandy, by elements of
'y (N) so thatys8> = 85y, as desired. O

We can define a Petersson inner product on the space of weiglb) cusp
forms just as in the one-variable case:

(f,g) = / @)@ 2R 2 dx1dxady, dy,
r:,e (N)\Y) x$
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(wherez; = x; + +/—1y;); then just as in Shimura [12], Formula (3.4.5), we see
thatthe Hecke operators. « (N)(81, 62)T'~ « (N) andl'~ « (N)(81, 85~ «(N) are
adjoint with respect to that inner product. (The argument in [12] depends on having
a fundamental domain far~ . (N) in $ x $; we can construct such a fundamental
domain as a finite union of fundamental domains fop&) x SL»(Z), and those

are in turn products of fundamental domains for&) in §.) Thus:

Coroallary 3.1. The Z-algebra generated by the Hecke operatorsis a commutative
algebra; the Hecke operators are self-adjoint with respect to the Petersson inner
product on S (I'~  (N)) and simultaneously diagonalizable.

Proof. The self-adjointness follows from Proposition 3.3 by the above discussion;
the commutativity follows from Proposition 3.3 and Shimura [12], Proposition 3.8,
and the simultaneous diagonalizability follows from the self-adjointness.

The effect of Hecke operators on Fourier expansions is given as follows:

Proposition 3.4. Let f be an element of My, ) ('~ .(N)); if a is an element of

(Z/N2Z)*, let f] 10 have the Fourier expansion
(Ua’ (5 1))
fl (z1,22) = Camimady "G5 -
(o (89) C 2= 2 commdiel

If we set

Thyno f(z1,22) = Z drrll,mzq’lnlqglz

ml,mzzo
then the d,, »,’s are given by
. ki—1 ko—1
Amy,my = Z A1 92 Cay/ap)miny/afmonzfal:
ai,az>0
aj|(m;,n;)

Proof. The proof is entirely parallel to the proof of the analogous fact in the one-
variable case; cf. Shimura [12], (3.5.12)0

Note that the matriceéaa, (3 8)) don’t normalizel'~ ( (N). This is why we
have to introduce the functionﬁ|( (1 0)> instead of simply diagonalizing
%a>\01

My (T~ (N)).

Corollary 3.2. Let f € My ('~ (N)) be a smultaneous eigenform for all of the
Hecke operators. Then if A, m,(f) isthe eigenvalue for T, ., We have

le,mz(f) = )\ml,mz(f)cl,l(f)-

Unfortunately, this Corollary isn't quite as useful as one might hope, since the
above coefficients are all zero by Proposition 2.2 undess—1! However, in that
situation, we do get the following result:
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Corollary 3.3. If f and g are elements of Sx(I'~ _1(N)) thal are eigenfunctions
for all T;,,.»," swith the same eigenvalues then their imagesin S, (I'~ _1(N)) differ
by a multiplicative constant.

Proof. By Proposition 2.2 and Corollary 3.2, if we let= c1.1(f)/c1,1(g) then
Cmymy(f —cg) =0unlessm;, N) > 1. O

This can be restated as foIIows:Teyct,e (N) be theC-algebra of endomorphisms
of Sx(I'~ (N)) generated by the Hecke operatds. ., for n1 = nz (mod N).
Then:

Eroposition 3.5. The space Si(I'~._1(N)) is a free module of rank one over
Tr,—1(N).

Proof. By Corollary 3.1, we can find a basis f8f ("'~ _1(N)) consisting of simul-
taneous eigenforms for all of the elementsTgf_1(N). Furthermore, by Corol-

lary 3.3, no two of those eigenforms have the same eigenvalues. This implies our
Proposition. O

We defineTZ’g(N) to be theC-algebra of endomorphisms 6§ ('~ (N))
generated by the Hecke operatdis ,, for n1 = np (mod N). Proposition 2.4
tells us that the space%; 2)(I'~ < (p)) and§(2,2)(l“:,e(p)) are equal; thus, the
above Proposition has the following Corollary:

Corollary 3.4. The space Si2,2)(I'~,—1(p)) is a free module of rank one over
th,z),_l(P)-

With alittle bit more care, we can use the above techniques to prove similar facts
for e = —k? instead of juse = —1. (This isn't too surprising, sinc&~__1(N)
and X. _,2(N) are isomorphic.) They are in fact true for arbitrarythe proof
demands different techniques, and will be given as Theorem 5.2. It does seem that
X~ _1(N) is the “dominant”’X~ (N); see Sects. 5 and 6 for further discussion of
this matter.

Finally, we letT* (N) denote the free polynomial algebra o@with variables
Tn,.n, fOr every pairng,np of positive integers that are relatively prime Aband
congruent modV. This algebra acts on the spacks$l'~ ((N)) andEk(F:,E(N))
for all k ande; its image in the endomorphism rings of those spaces gives us the
algebrasil'zye(N) andT.(N) that we defined above.

4. Hecke operatorson X~(N)

In analogy with the elliptic curve case, we'd like to think of the Hecke operators
T,,.n, defined above as arising from correspondences that have the following mod-
ular interpretation: letE1, E2, ¢) be a point ofX~ ((N), and letr; : E; — E; be

maps of elliptic curves of degreg, where(n;, N) = 1. Then¢ induces a map
from E{[N] to E5[N] which is an isomorphism of group schemé, ., should

send our point to the sum of all pointB, £, ¢) that arise in such a fashion. Why,
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then, do we impose the restriction thatbe congruent ta, mod N? The answer is
that, ifr: E — E’is a map of degree (with (z, N) = 1) thenwr doesn't preserve
the Weil pairing:

(mx,wy) = (x, t"'wy) = (x, [n]y) = (x, »)".

Soif ¢ raises the Weil pairing to th€th power then, if we push it forward via maps
of ordern; as above, the resulting map raises the Weil pairing teth¢n, power.
This explains why we had to assume that= no (mod N) for the Hecke operators
to act on the surface¥~ .(N). However, we should have Hecke operatfirs,,
for arbitraryn; with (rn;, N) = 1 which act on the surfack~ (N).
The above considerations, when translated into matrices, lead us to the following
definition: for anye, €’ in (Z/NZ)*, set

a, b,‘, Ci, d,' (S Z,
a,-di — b,’Ci > 0,
(aid;i — bici, N) =1,
AL o(N) = ((‘fl Zl>, (“2 Zz)> aw=a,  (modN),
crdiy \cz 42 br=¢€'by (modN),
€c1=co (mod N),
edi=¢€'dp (modN)

It is obvious from the definitions that* . . = AX _ and one easily checks that

*
A,\,ee .A’Vee”CA’Vee”

These facts imply in particular that, e is invariant under multiplication by
'~ «(N) on the left and by~ /(N) on the right; thusAX _ , can be partitioned
into Hecke operators that send forms Xn e(N) to forms onX~ «(N). For any
n1 andny Wlth (n;, N) = 1 and withen1 = €’n> (mod N), we define the Hecke
operator7,; ,. to be the sum of the double coséts ¢ (N)(y1, y2)I'~ ¢ (N) occur-
ringin AL _ _, for which dety;) = n;. While this depends oa, it has a set of left
coset representatlves that is independent of

Proposition 4.1. Let n1 and n be positive integers that are relatively primeto N,
and let e and ¢’ beelementsof (Z/NZ)* suchthat en1 = ¢'n> (mod N). Thenthe
set of elements of A*:,“,(N) that have determinant (n1, n2) has the following left
coset decomposition:

a1 biN ap» boN
U o) (50)

ay,az>0
a,-d,- =n;

0<b; <d;

where, for a € (Z/NZ)*, o, isany matrix that is congruent to ( . 0) mod N.
Furthermore, the above left cosets are also disjoint asT" (1) x I'(1) cosets.

Proof. The proof is the same as the proof of Proposition 3.
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Recall that we defined

Sie(N) = @ SiT=c(N))

ee(Z/NZ)*

and made a similar definition fdi; ~ (N). Also, if f is an element of; ~(N), we
write f. for its e-th component. We then define Hecke operafys,, mapping
Sk.~(N) to Sx.~(N) by setting

(TuymoF)e = T2 Feny/ny)-

Proposition 4.1 shows that that actionXff ,_ “looks the same” for alk, so we

1,n2 . .-
will write Ty, », in place ofT; ,,, from now on. The following Proposition shows

that the action of these Hecke operators descends to the s_i)gée_s,e(N)), and
hence allows us to similarly define an action of them on the sfacgN):

Proposition 4.2. If f isaformin Sg(I'~ ¢(N)) such that ¢, m,(f) = 0 unless
(N, m;) > 1then T, », f hasthe same property for all n; relatively primeto N.

Proof. The proof is the same as the proof of Proposition 3.2.

The action on Fourier expansions is also as expected from Proposition 3.4, with
the same proof:

Proposition 4.3. Let f be an element of M, k) ('~ (N)); if a is an element of

(Z/N2Z)*, let f] have the Fourier expansion
(00 (89)

fl 10 (z1,22) = Z Ca,mi,m291 1‘]312-
("av (3 1))

m1,m2>0

If we set

Tnl,nzf(zl’ ZZ) = Z dml mzqml 52

mq,m2>0
thenthe d,,, ,"s are given by
_ —1 ky—1
dmy,my = Z l ap c(al/az),mwl/af,mznz/a%'
ai,az>0
a;jl(m;,n;)

This Proposition (or Proposition 4.1, which it is a corollary of) allows us to
translate theorems about forms¥p (N) into theorems about forms of. (N): if
fisaformonsom&-~ (N)andwe have a Hecke operamg ny, We can consider
f to be form onX,,(N) x X,,(N) and applyT,, x T,, to it there. This gives us
a form onX,,(N) x X, (N); but by Proposition 4.1, that has the same effect as
directly applying theT;, ,, that we have defined above foconsidered as a form
on X~ ((N), so our resulting form, which is a priori only a form dfy,(N) x
Xw(N), is really a form onX~ cn,/s,(N). Thus, the fact that the Hecke operators
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T, (with (n, N) = 1) onX,,(N) commute implies that our Hecke operat@}s .,
commute. Similarly, we can define a Petersson inner produ€t eiN) by taking

the orthogonal direct sum of the inner products onSh@ ~ (N))’s; our Hecke
operators are then normal with respect to that inner product because the Hecke
operators orX,(N) are.

Itis frequently useful to encapsulate this relation between forn¥-aiV) and
forms onX,, (N) via the maps : Sy ~(N) — Sk, (T (N)) ® Sk, (I (N)) which
sendsf € S;.~(N) to ZEE(Z/NZ)* fc. (We are using the identification given by
Proposition 2.1 here.) B)?ki (T'w(N)) we meanSy, (I'y,(N))/V whereV is the
space of formsf € S, (I'y(N)) such thate, (f) = 0 unless(m, k;) > 1; itis
a module over the Hecke algebra generated by the opergtossth (n, N) =
1, and its eigenspaces for that algebra are one-dimensional. The following two
Propositions then sum up the discussion of the previous paragraph:

Proposition 4.4. The map from Sg ~(N) t0 S, (T (N)) & Sk, (T (N)) sending f
10> c(z/nz)- fe commutes with the action of Hecke operators. It descends to an

injection T: S ~(N) = Sk, (T'w(N)) ® Sk, (T (N)); if f € Sk ~(N) then

fo = Z cmymy (2F)qy g5

mq,m2>0
em1+m2=0(modN)

(mi,N)=1
Proof. The only parts that remain to be proved are tRats an injection and
thatf. can be recovered in the given manner. First, we note that, faralhi,
with (m;, N) = 1, cipym,(2f) = Y cez/Nz)+ Cm1m,(fe). But Proposition 2.2
says that,,; m,(fe) = 0 unlesse = —mp/m1 (mod N); cml,mz(ff) therefore
equalscuy,my, (f—mp/my). This together with Proposition 2.2 immediately implies
our formula forf.. And if ©f = 0 then this implies that, for al and for allm;
such thak = —mp/m1 (Mod N), c;n,,m,(fe) is zero. But that implies thdt = 0
by using Proposition 2.2 againo

Proposition 4.5. The Z-algebra generated by the Hecke operators 7;,, ,, acting on
Sk.~(N) is a commutative algebra; the Hecke operators are normal with respect
to the Petersson inner product on Si ~(N) and simultaneously diagonalizable.

Proof. This follows from the above reduction of these facts to facts about forms on
Xy (N) and from Shimura [12], Theorem 3.410

Letf be an element of; ~ (N), and letm1 andmy be integers relatively prime
to N. We definecy,, ., (f) to be equal @, m, (f_ny/m,). We also make the same
definition forf € Sy ~(N). If we setf = > eccz/nz)* fe then f is a form on
Xup(N) x Xyy(N), andcy m, (F) = ¢y m, (f), by Proposition 2.2, as noted in the
proof of Proposition 4.4.

Proposition 4.6. Let f be an element of Sy ~(N); for a € (Z/NZ)*, letf, €
Sk.~(N) be defined by

(fo)e = f(a‘ZG)l(aa, (3 2))
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Thenfor all n1, no with (n;, N) = 1andfor all m1, mo with (m;, N) = 1, we have

-1 k2
Cmy, mz(Tnl n2 § a ml”l/fll mznz/az(fal/a2)
ay,az>0
a;|(m;,n;)

Proof. This is a corollary of Proposition 4.3.0

We defineT*(N) to be the free polynomial algebra ov€rwith generators
T, .1, fOr each paimy, no of positive integers that are relatively prime A& We
defineT;:(N) to be its image in the endomorphism ring S~ (N); we define

Ti.~(N) to be its image in the endomorphism ring%f~ (N).

Corollary 4.1. Iff € S; ~(N) isasimultaneous eigenformfor all Hecke operators
Ty, INTE L (N) witheigenvaluesi,, ,, (f) then, for all m1 andma with (m;, N) =
1, we have

Cmq,mp (f) = )\ml,mg(f)cl,l(f)~

Thus, iff is a non-zero element &, ~(N) that is an eigenform for all the
Tuy.n,'s thency 1 () is also non-zero; we call such &ra normalized eigenform if
Cl,l(f) =1.

Corollary 4.2. The space S;.~(N) is a free module of rank one over the algebra
Tk,:(N)-

Proof. By Proposition 4.5, we can 1ind a basis f_b{:(N) consisting of simulta-
neous eigenforms for all elementsDf ~(N); the previous Corollary shows that
the eigenspaces are one-dimensional, implying this Corollany.

Corollary 4.3. The space S 2).~(p) isafree module of rank one over the algebra
T2 ~(P).
(2.2~

Proof. This follows from Corollary 4.2 and Proposition 2.40

There is a special class of operators contained in our Hecke algeprasv).
Given elementg anda of (Z/NZ)*, we have

(1, 04) 2« (N)(L, 04) = T 2. (N).

The action of(1, o,) therefore gives an isomorphism betwe&iI'~ ((N)) and
Sk(T'~ 4-2.(N)), denoted by(a); as with the operatorg,, ,.,, (a) extends to the
spacesS;. ~(N) and Sy ~(N) via the definition((a)f). = (a)(f 2.). Furthermore,

the action is the same up to a constant if we multiglyo,) by ((1 N (8 2));

but if we consider it as an operator df,(N) x X, (N), as in the discussion
before Proposition 4.4, then this, up to a constant, is the product of the identity with

the Hecke operatdf (a, a). By Shimura [12], Theorem 3.24(4%,(a, a) is in the
Q-algebra generated by tliEgn)’s, so(a) isin Ti~(N). Thus:

Proposition 4.7. For all a € (Z/NZ)*, the operator (a) given by the action of
(1, o) isanisomorphismfrom S (T'~ ¢ (N)) to S (T~ ,-2.(N)); furthermore, itis
contained in T;:(N).
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5. Relationships between thespacesSk ~(N), Sk(l‘~,e(N)) and
Sk(Tx,—1(N))

When we were trying to prove that the Hecke eigenspaces (fi~ (N)) are
one-dimensional, we ran into problems because forms are “missing” Fourier coef-
ficients: in particular, they don't have@, 1) Fourier coefficient unless = —1
(mod N), so we couldn’'t simply use Corollary 3.2. However, the spice (N)
doesn’'t have that problem, and there is a natural projection map $ioa(N)
to Sy (I~ (N)). This gives us a replacement for the missing Fourier coefficients;
it also gives us a framework for seeing how the spagg¥~ (N)) differ (as
TL(N)-modules) ag varies.

The key Lemma here is the following:

Lemma 5.1. Thespace Si (I'~. (N)) hasabasisconsisting of T,  (V)-eigenforms
f that are of theformf, for T ~(N)-eigenformsf € Sy ~(N).

Proof. If f € Sy ~(N) is aTk,:(N)—eigenform then it is certainly an eigenform
for those Hecke operatof,, ,, wheren; = np (mod N); its e-component, is
therefore an eigenform for those operators as well. The Lemma then follows from
the fact thatS; ~ (V) has a basis of eigenforms, by Proposition 4.5.

Itis possible for two differenT ;. ~ (N)-eigenforms inS; ~ (N) to project to the
sameTk,E(N)—eigenform in§k(F:,E(N)); we shall discuss this in Theorem 5.1.
Also, some eigenforms iﬁk,:(N) project to zero for some choices afsee the
comments after the proof of the following Proposition and Sect. 6. We shall state a
slightly stronger version of this Lemma as Corollary 5.2.

Proposition 5.1. If f € Sk(l"~ «(N)) is a Ty (N)-eigenform then there is an
Tk _1(N)-eigenform g € Sk(l“~ —1(N)) such that c;uq,m,(8) = Amq,m, (f) for all
m1=m2 (ModN).

Proof. By Lemma 5.1, there is an eigenforfme Ek,:(N) such that;;; ., (f) =
Amy.mo (f) forallmy = mp (mod N). (We might a priori not be able to assume that
fe = f;howeverf is alinear combination of eigenforms projecting frég~ (N),

so those eigenforms must have the same eigenvalugs) &de can assume that
f is normalized. We then sgt = f_1; it is a normalized eigenform contained in
Sk(C~, —1(N)), andim; m»(8) = Amy.ma () = Ay m, (f). But Corollary 3.2 then
tells us that,, m,(8) = Amymp (). O

Define?}cye(N) to be the subspace 6f (I'~,_1(N)) generated by eigenforms
whose eigenvalues are those of an eigenforiiT'~ (N)); defineK ((N) to
be the subspace &f (I'~,_1(N)) generated by eigenforms which dot arise in
such a fashion. The Hecke algefig. (N) is isomorphic to the image @, _1(N)
in the endomorphism ring dT’;“ (N): both actions are diagonalizable, so the rings
are isomorphic iff the same eigenvalues occur, which is the case by the definition of
?}c’e(N) and by Proposition 5.1. In fact, the spad7é;§€(N) andSi (M~ (N)) are
isomorphic asT £ (N)-modules, because the eigenspaceS$;ii'~ (N)) are one
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dimensional; we shall prove this fact later as Theorem 5.2. Thus, the Kpac@/)
measures the difference betweﬁnl“:,_l(N)) andEk(F:,e(N)); we shall study
this space in Sect. 6.

Since the proof of Proposition 5.1 involved lifting eigenformgi‘r(r‘:,é(N))
to eigenforms inS; ~(N), we'd like to see how ambiguous the choice of such a
lifting is. The following Theorem answers that question:

Theorem 5.1. Let f bean eigenformin Sy ~(N), andlet H C (Z/NZ)* bethe set
of e suchthat f_. # 0. Then:

1. H isasubgroup of (Z/NZ)*.

2. H dependsonlyonf_j.

3. Every element of (Z/NZ)*/H has order one or two.

4.1f g is another eigenformin Sy ~(N) then g_; = f_; if and only if there is a
character x on H suchthat g_. = x(e)f_. forall ¢ € H.

As we shall see in Sect. 6, the ambiguity in the fourth part of this theorem has to
do with forms with complex multiplication. First, we prove a lemma that we shall
need during the proof of the theorem.

Lemmab.2. Let f bean eigenformin?k’:(N) and € an element of (Z/NZ)* such
that f. # 0. For any positive integers m1 and m2 there exist positive integers n1
and np such that (n;, m;) = 1for i € {1, 2} and ¢, n,(fe) # 0.

Proof. By Proposition {4Ef is an eigenform inSy, (T, (N)) ® Sk, (T (N)).
§ince the eigenspacgssmi (I'y(N)) are one-dimensional, there must existe
Sk; (T'y (N)) such thalf = f1 ® fo.

Foranye’ € (Z/NZ)*,setfie =3 =0 ca(fi)g".Itisalsoanelement
n=¢’(modN)

of Ek,- (T (N)). (This follows easily from Shimura [12], Proposition 3.64.) Then
fo = Ze’e(Z/NZ)* fiLe ® f2._ee, Dy Proposition 4.4.

Sincef. # 0, there existe’ € (Z/NZ)* such thatf; . and f» . are both
nonzero. By Lang [8], Theorem VIII.3.1, there existsuch that(n;, Nm;) = 1
and thatc,, (f1.c) andcy,(f2, ) are both non-zero. But Proposition 4.4 then
implies thatc,, »,(fe) # 0, as desired. O

Proof of Theorem 5.1. We can assume thétis a normalized eigenform. To show
that H is a subgroup, let; andez be elements oH. Thus, there exist;; and
np; (fori = 1,2) such that,,, »,; (f—¢,) is non-zero; by Lemma 5.2, we can
assume thatni 1, n12) = (n2.1,n22) = 1, and by Proposition 2.2;n1; = na;
(mod N).

By Corollary 4.1,ciy ;. np; (F) = Any; o, (F). But

Anl.1n1,21”2,1n2,2 (f) = )“nl,lanll (f ))\'nl,anZ.Z (f ) ’

by our assumption thak; 1, n; 2) = 1, and is therefore non-zero, as is the corre-
sponding Fourier coefficient &f This is a Fourier coefficient df for

= —(npan22/n11n12) = —(nz1/n1,1)(n2,2/n12) = —€1€o.
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Thus,e1€2 € H, SOH is a subgroup ofZ/NZ)*.

To see that every element ¢Z/NZ)*/H has order one or two, pick €
(Z/NZ)* and letf € Si~(N) be an eigenform. Thef{a)f)_1 = (a)(f_,2). Since
(a) is an invertible operator containedTn ~ (N), by Proposition 4.7, the fact that
f_1 # 0 implies that((a)f)_; # 0 as well, so sé__2> # 0 anda® € H.

To show thatH depends only oifi_1, it's enough to prove the last part of the
Theorem. We shall prove thatdfis an eigenform such thgt 1 = f_; then there is
a characteg on H suchthag_. = x (¢)f_¢; the converse (i.e. thats constructed
in that fashion are eigenforms) follows easily from the definitions.

Thus, assume that we have normalized eigenfdramlg such that_; = g_1;
lete be an element aff, sof _. # 0. SinceH is a subgroud,—(1/¢) is also non-zero.
There then existn, andm relatively prime toN such thatn; = em» (mod N)
andcy, m, (f) # 0. Therefore,,; m,(f) is also non-zero. And

)\ml,mz(f)f—e = (Tml,mzf)—e = Tml.mz(f—emz/ml) = Tml,mz(f—l)
= Tn1,my(9-1) = Aing,mp(9)9—c.

Since i, m, (f) andf_. are both non-zero, this implies thaj,, ,,,(g) andg_.

are also both non-zero, and that if we defin@) = 4,11, m, () /Amy.m,(Q) (for any
choice ofm; such thainy = em» (mod N) and such that,,, m,(f_1/c) # 0) then

0- = x(e)f_¢, as desired. We then only have to show thds a character, not

just a function; that follows by using the same arguments that we used to show that
H was a subgroup. O

We now have all the tools necessary to prove that the SRACES. (N)) are
free of rank one over, (N) foralle € (Z/NZ)*.

Theorem 5.2. For all € € (Z/NZ)*, every Tk,e(N)—eigenspace in Sg(T~. ¢ (N))
i_s one-dimensional, and the space S (I'~ (N)) isa free module of rank one over
Tr,e(N).

Proof. Pick aTy..(N)-eigenspace irfk(l“:,e(N)). By Lemma 5.1, it has a basis
consisting of eigenforms of the forfiy wheref is a normalized eigenform in
Sr.~(N). Thus, we need to show thatfifandg are normalized eigenforms in
Ek,:(N) such thaf, andg. are in the same eigenspace tligmndg, are in fact
constant multiples of each other. Howeveg, ,,(fe) = Auyn,(f) = cngn (),

for all n1 = np (mod N), so the fact thaf. andg. have the same eigenvalues
simply means that_; andg_; are equal. Theorem 5.1 then implies thagnd

0e are multiples of each other. Thus, the eigenspaces are one-dimensional, and
Si(T~.c(N)) isindeed a fre?k,é(N)—moduIe of rank one. O

The basic idea behind the proof of Theorem 5.2 is that, if we have a form in
S;(T~.<(N)), we can use Lemma 5.1 to fill in the Fourier coefficients that are
forced to vanish by Proposition 2.2. Of course, it's often easiest just to work with
Ek,:(N) and X~ (N) directly. As usual, we have the following Corollary:

Corollary 5.1. For all € € (Z/pZ)*, the space S(2,2)(I'~ ¢ (p)) isafree module of
rank one over T’fz,z)’e(p).
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Proof. This follows from Theorem 5.2 and Proposition 2.41
We also have the following slight strengthening of Lemma 5.1

Corollary 5.2. For every eigenform f* € Si(T'~.(N)) there exists an eigenform
f € Sk.~(N) suchthatfe = f.

Proof. By Lemma 5.1,5;(T'~.(N)) has a basis consisting of such eigenforms.
Since the eigenspaces are one-dimensional, however, every eigenform must be a
multiple of one of those basis elementsa

And, finally, we have the facts thﬁ;’e(N) andS; (I'~ (N)) are isomorphic
asT%(N)-modules and a geometric consequence of that fact:

Corollary 5.3. For all € € (Z/NZ)*, Sy (T'~,_1(N)) isisomorphicto K (N) &
S;(T~.(N)) asamodule over TX(N).

Proof. By definition, Sy (T~ _1(N)) = Ki.(N) & K; .(N). ButK, .(N) is a
TL(N)-module that is a direct sum of one-dimensional spaces corresponding to
the Hecke eigenvalues occurringSp(I'~ « (N)); the Corollary then follows from
Theorem 5.2. O

Corollary 5.4. For all N > 0, the geometric genus of (a desingularization of)
X~ ¢(N) ismaximized whene = —1.

Proof. Corollary 2.2 and Proposition 2.5 allow us to reduce this Corollary to show-
ing that, for alle and for allM|N, the dimension 08 2.2, (T~ —1(M)) is at least as
large as the dimension Sf(z,z)(F:,e(M)). This in turn follows directly from the
above Corollary. O

6. TheHeckekernel

In Section 5, we saw that, for all € (Z/NZ)*, we can Write§k(F:,,1(N)) as
Kie(N) @ Sk~ ¢(N)). Thus, the key to understanding modular forms in all of
the S; ('~ (N))’s is to understand the spadg(I'~._1(N)); once we have that,
we then need to understand its subspacgs(N). The goal of the present section
is to study those subspaces, which we call “Hecke kernels”. Note that Corollary 5.4
gives us a geometric interpretation of these spaces in some situations.

We first give the alternate following characterizations of formgjn. (N):

Proposition 6.1. Let f be a nonzero eigenformin Ek(F:,,l(N)) and let € be an
element of (Z/NZ)*. The following are equivalent:

1. fisin Ky ¢(N).

2. For any or all eigenformsf € Sy ~(N) suchthatf_y = f,f. = 0.

3. For all nq, np such that eny +n, =0 (mod N), T, », f = 0.

4. For all mq, mo, ny1, and np with nymq = nomo (MOd N), en1 +np = 0
(mod N), and (n;, m;) = 1for i € {1, 2}, we have c,;;my.nom, (f) = 0.
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Proof. We can assumég is a normalized eigenform. First we, show the equivalence
between 1 and 2: Idtbe an eigenform irf; ~(N) such thaf_1 = f, which we
can find by Corollary 5.2. By Theorem 511,only depends on the choice biip
to a non-zero constant multiple.fif # 0 thenf, is an eigenform irf; (I~ ((N))
whose eigenvalues are the same as thosg @ience are the same as the Fourier
coefficients of f, so f isn't in Ky (N). Conversely, iff isn't in K (N) then
there exists an eigenform e Ek(F:,g(N)) whose eigenvalues are the Fourier
coefficients off. Corollary 5.2 allows us to pick an eigenfoigne S; ~(N) such
thatge = g; multiplying it (andg) by a constant factor, we can assume tpé
a normalized eigenform. Thel andg_1 have the same eigenvalues,q is a
multiple of £, by our assumption og; g therefore gives us an eigenformSp ~ (N)
such thag_1 = f andg. # 0, as desired. By Theorem 5.1, this is independent of
the choice ofy, justifying our use of the phrase “any or all”.

Next we show that 2 and 3 are equivalent. Thus, we are given normalized
eigenformsf € S;(I'~,_1(N)) andf € S; ~(N) such thatf = f_; and we want
to show thatf, = 0 iff, for all n1 andn, such thaten1 + n2 = 0 (mod N),
Tuynp f = 0. First assume thdt = 0. By part 1 of Theorem 5.3, = 0. Then
for all n; as above,

Tnlgﬂzf = Tnl,nz(ffl) = (Tnl,nzf)fnl/nz = (Tnl,ngf)l/e
= )Lnl,nz(f)fl/e = 0.

Conversely, ifT};, », f = 0 for alln; with eny + n2 = 0 (mod N) then the above
series of equalities shows thaj, ,,(f)f1/. is always zero, or equivalently (by
Corollary 4.1),cp; n,(F)f1e = 0. If fo # 0 then there exist such; such that
Cnynp (F) # 05 thusf1e = 0, sof. is zero after all, by part 1 of Theorem 5.1.

Next we show that 3 implies 4. Assume that, forallandn, with en1+n2 = 0
(mod N), T, ., f = 0. Then, for allmq andmy with (m;, n;) = 1, we have
Tmlnl,mznz(f) = Tml,mz(Tnl,nz(f))
= 0, so in particular that is true for; with (m;, n;) = 1 and withmin1 = mon»
(mod N). But Corollary 3.2 then implies that, ., mon, (f) = 0.

Finally, we show that 4 implies 2, so lgt be a normalized eigenform such
that all such coefficients;;; ,, m.n, (f) are zero, and ldt e S.~(N) be alift of f.
Assume that. # 0. Thus, there exist; andn with ¢, »,(f) # 0O, or, equivalently,
Any.ny(f) # 0. Then for allmq andmy with (m;, n;) = 1 and withm1in1 = mon>
(mod N), or equivalently(1/e)my + mo2 = 0 (mod N),

0= )\mlnl,mznz (f) = )wnl,mz (f))\'l‘ll,)’lz(f)s

SO Amq,m,(f) = O for all m; with (m;, n;) = 1 and(1/€)m1 + m2 = 0 (mod N).
By Lemma 5.2f1/c = O; by part 1 of Theorem 5.1, = 0, a contradiction. Thus
4implies 2. O

For an arbitrary form irK ;. . (N), it is necessary for those coefficients specified
in part 4 of Proposition 6.1 to vanish. The following Proposition shows that even
more coefficients of elements &f; (N) vanish:
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Proposition 6.2. For all a and € in (Z/NZ)*, the spaces K. (N) and K ;2. (N)
are equal.

Proof. Let f be an eigenform ik (N), and letf € Ek,:(N) be an eigenform
suchthat_; = f. Let H be the set of such thaf_. # 0; by assumption-c¢¢H.
By the third part of Theorem 5.12 € H. SinceH is a group (by the first part of
Theorem 5.1)--a¢¢H, sof_2, #0andf € K; ,2(N). O

Thus, iff € Sy ~(N) is a normalized eigenform such ttats zero for some,
or equivalently thaf_4 is in ?k,e(N), thenf 2, is also zero for alt € (Z/NZ)*.
So if we let f = Xf then lots of the Fourier coefficients gf are zero. This
leads one to suspect thAtmight be related to forms with complex multiplication,
where we define an eigenforgnon X, (N) to havecomplex multiplication if there
exists a non-trivial charactef such thatp (p)1,(g) = A,(g) (or, equivalently,
Xp(g) = 0unlessp(p) = 1) for all but finitely many primeg, wherei , (g) is the
T,-eigenvalue fog. (This is as in Ribet [10], §3, except that we don't requgir®
be a newform.) This implies that, for some&, ¢ (n)A,,(g) = A(n)(g) for all n with
(M, n) = 1. We also call such g aCM-form. It is indeed the case that such forms
are linked to elements of the Hecke kernel:

Theorem 6.1. An eigenform f isin K (i, x,).c (N) if and only if there exist eigen-
forms f; € Sy, (I'y(N)) such that, for all ny = np (mod N) with (n;, N) =1,

Cnl,nz(f) = Cnl(fl)cnz(fZ)

and such that the f; have complex multiplication by some character ¢ such that
¢ (—€) = —1. Furthermore, K (¢, k), (V) is spanned by such forms.

Proof. Let k = (k1,k2), and letf € Si(I~.(N)) be an eigenform. Pick an
eigenformf e S, ~(N) such thatf_; = f and letH be the subgroup of’ e
(Z/NZ)* such thatf_., # 0, as in Theorem 5.1. By Proposition 43f is an
eigenform inS, (T, (N)) ® Sk, (T, (N)); but eigenspaces in that latter space are
one-dimensional, s&f = f1 ® f, wheref; € Sk, (I',,(N)) is an eigenform. We
wish to relatef’s being an element o?k,é(N), i.e. having, = 0, tothef;’s being
CM-forms.

For allmq andmga with (m;, N) = 1, ¢y m,(F) = ey (fr)em, (f2). If €/ €H,
i.e.f_o = 0, then, for allm; such thate'm1 = mz (Mod N), ¢py.m,(f) = 0,
S0 ¢y (f1) = 0 orep,(f2) = 0. Since thef; are eigenforms, their first Fourier
coefficients are non-zero; thus, settimg = 1, ¢, (f1) = 0 formy = 1/€
(mod N) wheree’¢H. SinceH is a subgroup, this means that, (f1) = 0 for
m1¢H (identifying m with its projection to an element @Z /NZ)*). Similarly,
Cmy(f2) = 0formogH.

First, assume that € Ky .(N), i.e. thatf. = 0, or that—e¢H. Pick a non-
trivial characterp of (Z/NZ)* that is trivial onH and such thap (—e) # 1. The
previous paragraph shows thatand f» both have complex multiplication hy.
By part 3 of Theorem 5.k has order two; thug)(—e¢) = —1, as desired.

Conversely, assume that there exists a characserch that the formg; have
complex multiplication by and such thap(—e¢) = —1. Pickmy andm, such



224 D. Carlton

thatemy + m2 = 0 (modN). Then—e = my/m1 (mod N); since¢(—e) = —1,
either¢ (m1) or ¢ (m2) is not equal to one. Thus, eithgy, (f1) of ¢, (f2) is zero,
SOcCmy.m,(f) = 0. This is true for all suclm;, sof. =0, i.e. f € ?k,e(N).

Finally, the fact thaik ; (V) is spanned by such forms follows from the fact
that it has a basis of eigenforms, which is obvious from the definitioki,of (V).
O

For p prime we define&k~ (p) to be the subspadé z,2) « (p) of 2.2 (T~ (p))
foranye € (Z/pZ)* such that-¢ is non-square; here we identiy> 2 ('~ «(p))
with §(2,2) (T'~.(p)) by Proposition 2.4. (For this to make sense, we should assume
thatp # 2; sinceS2,2) ('~ ¢ (2)) is zero for alle, this isn't very important.) This is
independent of the choice efby Proposition 6.2; its dimension is the difference
between the geometric generaX®t _1(p) and X~ (p), by Corollary 5.4. We
shall give an explicit basis for this space in Sects. 8 and 9.

7. Theadelic point of view

As we have seen in Sect. 4, to get a satisfactory theory of Hecke operators, we
had to consider the surfacé~(N), not just the surfaceX~ (N). To explain
this, it helps to look atX~(N) from the adelic point of view. Thus, we review
some of definitions from that theory and explain their relevance to our context. For
references, see Diamond and Im [1], Sect. 11.

Let A% denote the finite adeles, i.e. the restricted direct product of the fields
Q,, with respect to the ringg ,. LetU be an open compact subgroup of £6A>°).
We define the curvéy to be GLJ (Q)\(§ x GL2(A®))/U. Here, GLJ (Q) is the
set of matrices in GR(Q) with positive determinant, acting of via fractional
linear translations and on GLA®) via the injectionQ — A; U acts trivially
on $ and acts on GE(A*) via multiplication on the right. This defindg, as a
non-compact curve over the complex numbers; it has a canonical compactification
Xy given by adding a finite number of cusps. The cur¥gsandYy in fact have
canonical models ove® which are irreducible; ove€, however, the number of
their componentsiis given by the index of d&in Z*. If U andU’ are open compact
subgroups of GL(A®) and if g is an element of GL(A>) such thag~1Ug c U’
then multiplication byg on the right gives a map*: Xy — X/,; it descends to
the models ove®.

We say that a functiofi: ) x GL2(A*°) — C is acusp form of weight k£ on
Xy if
1. f(z, g) is a holomorphic function in for fixed g.
2. f(yz,vg) = j(r, 2" (z, g) forally € GL; (Q).

3. f(z,gu) ="f(z,g) forallu € U.
4. f(z, g), considered as a function i vanishes at infinity for alg.

We denote bys; (U) the space of all such forms. #1Ug ¢ U’ then we get a
mapgs: S (U') — Si(U) by defining(g.f)(z, k) to bef(z, hg).

EachU-double cosetin GR(A®) gives a Hecke operator, which actsSuiU ).
If U = GL2(Z,) x UP then the Hecke operatdr, is generated by the set of
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inverses of those elements ob ,) whose determinant is ipZ’s; defining the

Hecke operato§, to be the double coset generated(tﬁé1 pgl) inthe GLx(Q),)

component, the ring of Hecke operators consisting of those double cosets generated
by elements in Gk(Q,) is generated by, andS:*.

If we defineS; (C) to be the direct limit of theS;, (U)’s asU gets arbitrarily small
then the above maps. make this into an admissible representation obGL°);
the original spaces; (U) can be recovered from that representation by taking its
U-invariants. The main fact that we need is the following adelic analogue of parts
of Atkin-Lehner theory:

Theorem 7.1 (Strong Multiplicity One). If  and =’ are two irreducible con-
stituents of Sy (C) such that , and n[’, areisomorphic for almost all p then = and
7" are equal. (Not just isomorphic.) Furthermore, if f and f’ are elements of = and
7’ then thisisthe caseiff f and f have the same eigenvalues for almost all 7, and
Sp; inthis case, they have the same eigenvalues for all p such that f € S (U) for
some U of theformGLo(Z),) x U”.

The subgroups that we shall be concerned with are

g= <; ?_) (modN)}

UWN) = {g € GLo(2) ‘g - ((1) 2) (mod N)}.

Uy(N) = {g € GLZ(Z)

and

These define the modular curvés, (N) and X (N), respectively. The modular
interpretation ofX (V) is given as follows: for each € (Z/NZ)*, choose a matrix

ge € GL2(Z) congruent t<<€61 g) mod N . The strong approximation theorem for

GL, implies that every point itY (N) has a representative of the fotin g.) for
some unique choice @f we let this point correspond to the elliptic cur@¢(z, 1)
together with the basis for it¥-torsion given by(ez/N, 1/N). We then have an
action of GLp(Z/NZ) on X (N) that sends a matrix € GL2(Z/NZ) to the map
(g~H*: X(N) > X(N), whereg is any lifting of g to GL»(2); it has the modular
interpretation of preserving the elliptic curve and havingct on the basis for its
N-torsion on the left.

Note that, in contrast, the action of §lZ/NZ) on X,,(N) can't easily be
defined adelically; this is one reason why one can't define such an actio@Qover
and thus why we find it convenient to use the cur¥a®V) rather thanx,,(N) at
times. However, with a bit of care it is possible to use the action gf(@/.NZ) on
X (N) to extract information about the action of SZ/NZ) on X ,,(N); we shall
do this in Section 8.

Now we turn to the surfaceé-~. (V). Definitions similar to the above go through,
where we replac x GL2(A®) by $ x $ x GL2(A*°) x GL2(A*) and put in
two copies of everything else. We then recover our surfa€e&V) and spaces
Sk.~(N) of cusp forms by using the following subgroup:

U=(N) = { (51, 82) € GL2@) x GL2@) | g1 =g2 (mod M)}
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Using these definitions, we easily see that that, as claimed,
X~(N) = GL2(Z/NZ)\(X(N) x X(N)),

where Glx(Z/NZ) acts diagonally with the action given above.

In contrast with this situation, there domst exist a subgrouf/~ .(N) that
would allow us to defin&~ ((N) in the same way; this explains why we could-
n't naturally define a Hecke operat®}, ,, acting onX~ (N) unlessny = no
(mod N). Of course, it isn't hard to see which points &a (N) are onX~ ((N)
for somex: they are the points that have a representative of the fornzo, g1, g2)
with g; € GL2(2) and with detg1 = edetgo (mod N). And if we are given
f e Sk (U~(N)) = Sk.~(N), we can recovef, from it by letting fc(z1, z2) =
f(z1, 22, 1, ge).

The above definitions of Hecke operators also pass over immediately to our
situation; in particular, one can check that the operéfpys,, defined in Section 4
(for (p;, N) = 1) can be thought of,;, x T,,, where eaclT,, is an operator
on X (N) and the product descendsXa.(N). Similarly, (p) is 1 x S, (again for
(p, N) =1;notethaS, x1is (p~1). We shall sketch a proof of a similar statement
in Lemma 8.1 below.

8. Thecase of prime level

In this section, we discuss facts that are special to the case of wightforms
on prime level. The main fact here is that we can ignore Fourier coefficients that are
multiples ofp, as stated in Proposition 2.4; this in turn implies that certain spaces of
cusp forms are free of rank one over their Hecke algebras, as stated in Corollaries 4.3
and 5.1. In the rest of this section, we shall present some general calculations that
lead us towards methods for calculating the spaes)(I'~ (p)); in the next
Section, we shall give some explicit constructions of forms.

Since

S22)(Tc(P)) = (S2(Ty () ® S2(Ty(p)))SH2&/P2),

to understand 2,2 (I'~ . (p)) we should understand the representation theory of
SL2(Z/pZ) on Sp(T'y,(p)). Since( 3 %) acts trivially onSa(I'y, (p)), we can
look at the representation theory of BSE, ) instead. We shall start by considering
arbitrary weights and levels, and adding the assumptions of weight 2 angvlevel
as it becomes convenient.

The basic fact about representations of groups on spaces of cusp forms is the
Strong Multiplicity One Theorem. This tells us how to pick out the irreducible
representations of GI(A®) that are contained i§; (C): they are just the Hecke
eigenspaces. Taking (N )-invariants, this breaks ufy (U (N)) into a sum of rep-
resentations of G(Z/NZ), one per eigenspace. (Of course, these smaller rep-
resentations may not be irreducible as representations efZ3IVZ).) Thus, we
wish to understand the eigenspacesaiU (N)).
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from forms onX,,(N) to forms onX1(N2): the image ofS;(I',,(N)) under the
action of(§ 9) is the direct sum of the spacgs(T'o(N?), x) wherey is a character
on(Z/NZ)*. Aform f = 3 cmg™, whereq = ¢2"V=1/N  gets sent to a form
with the same Fourier expansion except thas now equal te?" V=1 Further-
more, ify is a character oiZ/NZ)* then the formf,,, which is defined to have
Fourier expansion}_ ¢;, ¥ (m)q™, is still a form in Si (T, (N)), by Shimura [12],
Proposition 3.64.

We now try to produce forms containedSp(U (N)). Aformf € Sy (U(N)) is
afunction from$) x GL2(A*°) to C with those properties listed in Section 7; it then
follows easily that if, fore € (Z/NZ)*, we definef, by settingf (z) = f(z, g¢)

(Whereg, is a matrix in Glo(2) that is congruent téfol fl)) mod N) then each of

thef.’s is a form inS (", (N)). By the Strong Approximation Theorem, a choice
of suchf.’s determined uniquely. Thus, we can think of forms dfia (U (N)) as
¢ (N)-tuples of forms orsy (I'y, (N)).

This allows us to determine the Hecke eigenspacgg(iti (N)). The dimension
of Sk (U(N)) is ¢ (N) times the dimension of; (", (N)), so the hope is that each
eigenform onS;(I", (N)) will somehow give usp(N) different eigenforms on
Sk (U(N)). This is indeed what happens, as we shall see in Proposition 8.1:

-1
First we recall tha(N 0) I'y(N) (N O) S I'1(N?). This allows us to pass

Lemma8.1. Let f be an element of S (U (N)) and let ¢ be a prime not dividing
N. Then, for all € € (Z/N2Z)*, (T,f)e = T,(fe,) and (S,f)e = Sq(feqz). (In
both equalities, the operators on the left hand side of the equations are the adelic
operators mentioned in Sect. 7 while the operators on the right hand side of the
equation are the classical operators.)

Proof. Let A, be theU (N)-double coset defining the adelic operalpy and let
Ay =11; iU (N). Then, up to an appropriate normalizing constafjf). (z) =
> f(z, g¢8i). But detg.8;) = g~1e~1; by the Strong Approximation Theorem,
we can therefore writg.8; asé! g .u; for somes, GL}(Q) andu; € U(N).
Butf is invariant by right multiplication by/ (~), and multiplyingg,. on the left
by an elemens; of GL}(Q) has the effect of replacing. by fq5|(5;)71. One then
checks thats}) ! is contained ingge A, ¢, %, and that this is th& (N)-double
coset defining the classical Hecke operdtarThe proof for thes, 's is similar. O

Corollary 8.1. Let g € Si(I',(N)) be an eigenform, with eigenvalues {a,, x (¢)}
(for T, and S, respectively, as g varies over primes not dividing N). Let ¢ be a
character of (Z/NZ)*. Then theformf (g, ) € Sy (U(N)) defined by f (g, ¥) =
¥ (e)g isan eigenformwith eigenvalues {y (¢)a,, ¥2(q) x (q)}.

Proof. Write f for f(g, ¥). By the Lemma,
(qu)e = Tq(feq) =T,(V(eq)g)
= I/f(CI)l/f(E)aqg = w(Q)aqfe

The calculation forS, proceeds in exactly the same mannen
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This allows us to produce a basis of eigenformsSptU (N)) in terms of a
basis of eigenforms fa§ (I", (N)):

Proposition 8.1. Let {g;} be a basis of eigenforms for S; (I",,(NV)). Then the set of
forms {f(g;, ¥)}, as g; varies over elements of the basis and  varies over char-
actersof (Z/NZ)*, give a basis of eigenformsfor Si (U (N)). Every set {a,, x(¢)}
of eigenvaluesfor T, and S, (asq runsover primes not dividing N) that occursin
Sk (U(N)) occursin S (I'y, (N)). Abasisfor the set of eigenformsin S (U (N)) with
eigenvalues{a,, x (¢)} isgiven by taking theformsf (g, v) wherey variesover the
characters of (Z/NZ)* and where, once v isfixed, g varies over a basis for those
eigenformsin S, (I",(N)) which have eigenvalues {a, ¥ ~(¢), x (9)¥ ~(q)}.

Proof. Assume thatwe have an expression of linear dependence involving the forms
f(g;, ¥). Looking at the first coordinate, the fact that the forfps} form a basis
for S; (T, (N)) implies that we can assume that our relation involves only forms
f(g, v) for some fixed formg. But those forms are linearly independent since
characters are linearly independent. This giveg (U8) - dim S (I",, (N)) forms;
but that’s the dimension o (U (N)), so those forms give a basis f§f(U (N))
that consists of eigenforms.

Every set of eigenvalues af) (U (N)) can therefore be written in the form
(W (g)ay, V2 x (@)}, where{a,, x(¢)} is the set of eigenvalues of a forme
Sk(T'yw(N)), by Corollary 8.1. But those are the eigenvaluegf which is also
an eigenform inS; (I, (N)). The last statement of the Proposition follows in a
similarly direct manner from the first paragraph of the proof and Corollary 81l.

To restate the last sentence of the above Proposition: assumgithatnew-
form in S (I", (N)) with eigenvalueda,, x (p)}, where by “newform” we mean
thatg|/y o\ € Sk(I'1(N?)) is a newform. A basis for the space of eigenforms in

Sk(U(NC)))lwith those eigenvalues is given by the forfiig,, -1, y) together with
the formsf (#, ) whereh runs over oldforms with the same eigenvalueg as:.

Let us now fixk = 2 andN = p prime. We may assume that > 5, since
S2(I"y(p)) is zero otherwise. Pick a sét = {a,, x(q)} of eigenvalues. Leg <
S2(I'y (p)) be anewform with those eigenvalues; we wish to calculate the dimension
of the spaceS, of forms in S»(U (p)) with eigenvaluesA. For each charactef,
we can produce an element®f all of whose components are multiplesgf-1;
this gives ugp — 1) forms. Furthermore, wheg), -1 is an oldform, we can produce
extra forms. Sincé»(I' (1)) is zero, we can produce at most one extra form for each
W this way: this happens when the eigenvaligss ~(¢q), x (¢)¥ ~?(¢)} occur in
$2(T'1(p)).

For how manyy does an extra form arise in this way? By the Strong Multiplic-
ity One Theorem, studyin§s reduces to the study of irreducible representations of
GL2(A*) and theirU (p)-invariants. Factoring those representations, we have to
study irreducible representations of &0, ) and theirU (p),-invariants. lfg # p
thenU(p), = GL2(Z,); since the space of GlZ,) invariants of an irreducible
representation of Gi(Q,) is either zero- or one-dimensional, we can therefore
concentrate on the irreducible representations of(@l,), and in particular cal-
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culating the dimension of thel/ (p) ,-invariants, where

g= <é 2) (mod p)}

Irreducible representations of GlQ ) can be classified gwincipal series, spe-

cial, orsupercuspidal. If the space o/ (p) ,-invariants is nonzero thenitig +1)-,

p-, or (p — 1)-dimensional, depending on which classification it falls into; thus, we
have two, one, or no extra dimensions of oldforms arising in the principal series,
special, and supercuspidal cases, respectively.

Let us now turn towards the spase(I",, (p)). The group PSk(F,) acts on
this space; we wish to determine its irreducible representations. Since this action
is not given adelically, we can't just apply the theory of irreducible,GL>°)-
representations and the Strong Multiplicity One Theorem to get the answer. How-
ever, we can use the adelic action to get information about this representation as
follows: letg be an element of,> (", (p)) and letf be an element of» (U (p)) such
thatf; = g. Lety be an element of PSI(F,) and lety be an element of SI(Z )
projecting to it. Thery sendsg to (v, 1f)1, as can be seen by tracing through
the definitions. In particular, we get representations of REl) on S>(I", (p)) by
projecting the representations given in the previous paragraphs down to their first
coordinate.

The map fromS2(U (p)) to S2(I"y, (p)) sendingf to f1 is injective unless there
is ay such thag = gy, by Proposition 8.1, i.e. unlegsis a CM-form, in which
case all of the forms in the representation are CM-forms, and the dimension of
the representation if2(I",, (p)) is half of the dimension of the representation in
S2(U(p)). Thus, we have decompos&gd T, (p)) as adirect sum of representations
that are either of dimension— 1, p, p+ 1, (p — 1)/2, 0r(p + 1)/2.

These representations may not be irreducible, however. Most of the time, they
do turn out to be irreducible; we can see this by looking at the character table of
PSLy(F,). (See Fulton and Harris [2], 85.2, for example.) The dimensions of the
irreducible representations of PSE,) are 1,p — 1, p, p+1, and eithe(p — 1)/2
(if p=3 (mod 4)or(p+1)/2(if p=1 (mod 4). Furthermore, the only one-
dimensional representation of PSE,) is the trivial one, which doesn't occur in
S2(T'y (p)) (since that would be equivalent to having a form that is invariant under
PSLy(Fy), i.e. a form inS(I"(1))). There are no 2-dimensional representations,
either, so by comparing dimensions, we see that the representations that we have
constructed above are either irreducible or the direct sum of two representations of
dimension(p — 1)/2 or(p + 1)/2.

We wish to see how dirfi2 2 (I'~ ¢ (p)) varies as a function af. Write y,, (p)
for the character o> (T, (p)), considered as a representation of P&l,). Then

dim S2.2) (T~ (p)) = diM(S2(T, (p) ® S2(Tw(p)) o 6)7SL2F)
= (Xw(p) ® Xw(p) 0 0, 1)
= {10 X P 0 0c).

(Here, 0. is the automorphism of PSKF,) given at the beginning of Sect. 2.
Assume thaf>(I",, (p)) hasd; RfB"" as its decomposition into a sum of irreducible

U(P)p = {g € GLZ(Zp)
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representations. Then, by the above,

dimSe2(T~c(p)) = Y ninj.
Ly
R;~R o
Now assume that = 1 (mod 4). Examining the character table of B&t,),

we see thaR; ~ R; for all R; and thatR; ~ R; o 6, for all € unlessR; ~ W’ or
w”, whereW’ andW” are the irreducible representations of dimengier- 1) /2.
In this latter case, composing wigh switchesW’ andW” if € is not a square. Now
assume thal’ occurse’ times in the decomposition 8&(I",, (p)) andW” occurs
n” times. Then, ik is a square anég, isn't, the above discussion shows that

dim S.2)(T~.; (p)) — diM S(2.2) (T~ (p)) = n'% + 0% — 20"

— (l’l/ _ n//)Z.

This is a bit misleading, however, because in this @da@dn” are equal, so the
dimension ofS(2 2, (I'~ < (p)) is the same for alf. We can see this by calculating
andn” using Ligozat [9], Proposition 111.1.3.2.1: the character$igfandW” only
differ in matrices that are conjugate(té ’i), and the only place that such matrices
occur in the formula given there is in the tef, noq, X ((§4)), which equals
p both fory = xy andy = xwr.

As a corollary, this implies that there are no CM-formsiil", (p)) forp =1
(mod 4. For if there were such a forg it would generate an irreducible represen-
tation R, C S2(I"y (p)), all of whose elements would be CM-forms; there would
then be a form iR, ® (R, o 0_1) that is invariant under PSI(F,). But such a
form would be a CM-form inS2 2)(I'~,_1(p)), S0 Theorem 6.1 would then imply
that the dimension a2, 2 (I'~ < (p)) for € a non-square is strictly smaller than the
dimension ofS(2,2)(I'~,—1(p)), contradicting our calculations above.

Let us now turn to the case whepe= 3 (mod 4. This time,R; ~ R; unless
R; ~ X' or X", whereX’ and X" are the irreducible representations of dimension
(p —1)/2; X’ ~ X” and vice-versa. Similarly®; o . ~ R; unlessR; ~ X’ or
X" ande is not a square mog; if it is, X’ o . ~ X" and vice-versa. Thus, X’
occursn’ times andX” occursn” times in the decomposition &b (T, (p)),

)

dim S22 Ty (p)) — diM S(2.2) (T, (p)) = 20'n" — (n'% + n"?

— _(n/ _ n//)Z’

wherees is a square mog ande; isn't. Since—1 is not a square, the dimension is
maximized where = —1, agreeing with Corollary 5.4.

This time, howevery’ — n” is non-zero. We can't calculate it as easily as we
calculated it in the previous case, because the method used there calculates the
number of times a representation occurs plus the number of times that its complex
conjugate occurs, and here the character is no longer totally real. Instead, we refer
to Hecke [4], where he proves that the difference is equal to the class nlitrbey

of Q(./—p). Thus,
dim S2.2) (T~ —1(p)) — dim S22 (T~ 1(p)) = h(—p)2.
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This implies that there are exacth(—p) - (p — 1)/2 CM-forms contained in
S2(T'y (p)); they have been constructed by Hecke in [3]. We shall review his con-
struction in Sect. 9, and use them to write down the Hecke k&fnép) explicitly.
We shall also show how to use the theory outlined in this Section to perform explicit
calculations of space$ 2)(I'~ «(p)) for small primes.

To recap:

Theorem 8.1. If p isa prime congruent to 1 mod 4 then there are no CM-forms
contained in S»(T", (p)) and the Hecke kernel K~ (p) iszero. If p > 3iscongruent
to3mod4thenthereareh(—p) - (p —1)/2 CM-formscontainedin S»(I", (p)) and
K~(p) hasdimension (h(—p))2, where h(— p) isthe class number of QW/=n).

9. Examples
X:,—l(7)

The firstX~ (p) to have a non-zer@, 2)-cusp form isX~ _1(7), as can be seen
by looking at Table 1 in Kani and Schanz [7] (and using Corollary 2.2 above); in
fact, we see that dirfii,2) (I'~, —1(7)) = 1. We can explicitly determine a non-zero
form in this space as follows:

Conjugating,(7) by ({ 9), we can think ofX,, (7) as lying between the curves
X0(49) and X1(49). The former is an elliptic curve (after choosing a base point);
its L-series gives rise to a weight two cusp form

f@ =) cng"

m>0

on Xo(49) and X, (7). (Here,q = V=1 if we are thinking of f as a form on
Xo(49) andg = ¢2*vV=1/7 if we are thinking off as a form onX,,(7).) If x is a
non-trivial character oz /7Z)* such thaty (—1) = 1 then the functions

f1@ =" cux(m)g"

m>0

and

£2@ = enx?m)g"
m>0

are also modular forms isp(I",, (7)), by Shimura [12], Proposition 3.64; since the
latter space is three-dimensiondf, £y, f,2} formsabasisforit. For € (Z/72)*,
we havefy o, = x?(a) fy and f,zls, = x(a) f,2.

To produce an element 6f2 2)(I'~,—1(7)), we have to find a form contained
in S2(T', (7)) ® S2(I', (7)) that is fixed by PSk(F7) (acting on the second factor
via 6_1). For our form to be fixed by the matricés,, o,), it has to be of the form

ao-f® f+a1- fy ® fo+az- fy2® fy.



232 D. Carlton

And for our form to be fixed by the matri(<((1) ). (3 %)) we must havey =

a1 = ap. However, those constraints leave us with only a one-dimensional space of
possible cusp forms, and sinSg »)(I'~, _1(7)) is non-empty, we see that it must

be generated by the form

1 mi _m2
§=3U O+ ®fetfe®fo= 3 cmemdids”,

mi1=ma(mod 7

where ther;’s are the coefficients of as above.

Now that we've got our forng in hand, we’d like to relate it to some of our
general theorems about forms #(I'~ ((N)). Note thatg has lots of Fourier
coefficients that are zero: not onlyds, .,(g) zero unless:; = mo (mod 7), but
it's also zero unless the;’s are squares mod 7. (This follows from the fact that the
elliptic curveX(49) has complex multiplication b (+/—7).) By Proposition 6.1,
our form is therefore iK'~ (7); indeed,S(2,2) (I'~, 1(7)) is trivial.

X~ _1(p) for p =3 (mod 9

The above may look like a general recipe for producing formsXen (p) out

of forms on Xo(p?), but it isn't. To see why, note that the transition involved
two steps: matching up characters, which involved checking invariance under the
matriceqo,, o), and making sure that certain Fourier coefficients were zero, which

involved checking invariance under the matri(é% ). (3 %)) Thus, we checked

that our putative form is invariant under the subgrafp) of upper-triangular
matrices, not all of PSi(F,,). The reason why we could get away with that above
was that we knew a lot abofi$(I",, (7)) and that the dimension 62 2)(I'~ —1(7))
was 1.

Fortunately, all is not lost for more genegalLet R1 andR; be irreducible rep-
resentations occurring isp(I",, (p)). As the discussion in Sect. 8 showdd],® R2
contributes 1 to the dimension 8f2 2)(I'~ ((p)) iff Ry = R2 o 6.. Now, assume
that that is indeed the case, and that, furthermBies irreducible as a represen-
tation of B(p). Writing yx; for the character oR;, it will then also be the case
that

(Xl - (x200¢), 1B(p)>B(p) = (Xl’ X2° 9€>B(p) =1

But this says that there’s only a one-dimensional space of vect®s#nR, that is

fixed by B(p), and since there is also a one-dimensional space of vectBismR,

that is fixed by PSk(F,), they must be the same space. Thus, under the hypothesis
that our representation is irreducible when considered as a representasiop) pf

we can test to see whether an elememo® R» is a cusp form ok ~ ((p) simply

by making sure that it is invariant under,, o) and((% D (3 Gl))

To make this concrete, assume tpdas congruent to 3(mod 4 but not equal
to 3 and thak = —1. In this case, the representatiakisand X” of PSLy(F,)
remain irreducible when restrictedBg p). Thus, if we can produce representations
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isomorphictaX’ or X” in S>(I"y, (p)), we'll be able to explicitly write down formsin
S22 (T~ —1(p)). We saw that there should hé—p) such representations coming
from CM-forms; they would be good ones to look for.

Fortunately, those representations are produced in Hecke [3]. They are defined
as follows: let/ be an integral ideal ifQ(,/—p) with norm A and letp be an
element of/. We define a theta series as follows:

2m /I BB
ono V)= Y eV TEN,
nel

MEp(mOdlﬁ)

wherejx is the complex conjugate @f. Letting V; be the vector space generated by
the function®y (z; p, I, ,/—p) for p € I, the results of Hecke [3], §7 show tHat
only depends on the ideal classiothat thes@y's are elements o2 (I, (p)), and
thatV; is a representation of P$(F,) isomorphic toX'. This gives us our desired
h(—p) different copies ofX’. (These eigenforms are also discussed in Ribet [10],
83 as being eigenforms associated to Grossencharacters.)

Now that we have our representations, we follow the same program as in the
X~ _1(7) case:

Theorem 9.1. Let p be a prime congruent to 3 mod 4. For each ideal class of
Q(/—p), fixan integral ideal I in that class and an element «; of I that’s not
containedin I,/—p. Let

fri= ) 9H(z;a<%)ot1,1,«/—19)

ae(Z/pZ)*

have the Fourier expansion

f1@) =" crmg",

m>0

whereg = eZV=L/p |f [y and I are (not necessarily distinct) ideal classesthen
the function

mi _my

fll,lz(zls 72) = Z Cl1,m1CI,maq1 9o -
m1=m2(Modp)

is an element of S22 (I~ _1(p)) contained in K~(p); furthermore, the fi, 1,’s
giveabasisfor K~ (p) as I1 and I vary over theideal classes of Q(\/—p).

Proof. The same argument as in tpe= 7 case shows that multiples ¢f, ;, are

the only elements oF;, ® V;, invariant undeB(p), so they are indeed elements of
S2,2) (T~ ¢(p)). Assuming that we can show that they arekin(p), Theorem 8.1
shows that they give us a basis. Thus, by Theorem 6.1, we just have to verify that
the formsf; are CM-forms.



234 D. Carlton

This can be seen as follows: by definition,

enOn(z o, LS=p) = Y
nel
p=p(mod//=p)
up=mA
whereA is the norm off But uu is a square mog for all 1 in the ring of integers
of Q(/—p), asisA, soc,, is zero unless: is a square mog. Thus, f is invariant
under twisting by the quadratic character@f pZ)*, hence a CM-form. O
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